Contemporary Mathematics

What is a Toric Variety?

David Cox

Abstract. This paper is a tutorial in the basic theory of toric varieties. It discusses their definition using fans, homogeneous coordinates, and polytopes. Numerous examples are included.

Introduction

Toric varieties were first defined in the 1970s and have become an important part of algebraic geometry. They can be used in many different geometric situations yet also have interesting connections with combinatorics and convex polytopes.

This article is an introduction to toric varieties for non-specialists. Many examples are given to illustrate the various definitions. The paper is organized into 14 sections as follows:

1. Varieties 2. Toric Varieties 3. Examples of Toric Varieties 4. Cones 5. Affine Toric Varieties 6. Coordinate Rings 7. Normality 8. Fans and Toric Varieties 9. Properties of Toric Varieties 10. Homogeneous Coordinates 11. Examples of Homogeneous Coordinates 12. The Toric Variety of a Polytope 13. Polytopes and Homogeneous Coordinates 14. Bibliography

1. Varieties

We will work over the complex numbers C . Basic examples of varieties are:

• Affine space C^n and affine varieties

V = V(f_1, . . . , f_s) ⊂ C^n

1991 Mathematics Subject Classification. 14M25.

© 0000 (copyright holder) 1

defined by the polynomial equations f_1 = · · · = f_s = 0. • Projective space P^n and projective varieties V = V(F_1, . . . , F_s) ⊂ P^n defined by the homogeneous equations F_1 = · · · = F_s = 0.

In this article, most varieties will be either affine or projective.

Example 1.1. Let C^∗ = C \ {0} = {z ∈ C | z ≠ 0}. Then (C^∗ )^n ⊂ C^n is an affine variety since the map (t_1, . . . , t_n) → (t_1, . . . , t_n, 1/t_1 · · · t_n) gives (C^∗ )^n ≃ V(x_1x_2 · · · x_{n+1} − 1) ⊂ C^{n+1} .

In the theory of algebraic groups, (C^∗ )^n is called the n-dimensional complex torus. This is where the “toric” in “toric variety” comes from. □ Given varieties W ⊂ V , we call the complement V \ W = {v ∈ V | v /∈ W } a Zariski open subset of V . These are the points of V where one or more of the defining equations of W don’t vanish.

Example 1.2. Notice that (C^∗ )^n ⊂ C^n is a Zariski open since (C^∗ )^n = C^n \ V(x_1 · · · x_n). □ A variety V is irreducible if it cannot be written as union V = V_1 ∪ V_2 where V_1 ≠ V and V_2 ≠ V are varieties. 2. Toric Varieties Definition 2.1. A toric variety is an irreducible variety V such that (1) (C^∗ )^n is a Zariski open subset of V , and (2) the action of (C^∗ )^n on itself extends to an action of (C^∗ )^n on V . We will see later that the theory of toric varieties works best when V is normal (we defer the definition of normality since it is somewhat technical). Here are the most basic examples of toric varieties.

Example 2.2. (C^∗ )^n and C^n are clearly toric varieties. As for P^n, suppose that x_0, . . . , x_n are homogeneous coordinates on P^n. The map (C^∗ )^n −→ P^n defined by (t_1, . . . , t_n) → (1, t_1, . . . , t_n) allows us to identify (C^∗ )^n with the Zariski open subset P^n \ V(x_0x_1 · · · x_n). Then setting (t_1, . . . , t_n) · (a_0, a_1, . . . , a_n) = (a_0, t_1a_1, . . . , t_na_n) shows that P^n is a toric variety. □ In studying toric varieties, points a = (a_1, . . . , a_n) ∈ Z^n play two important roles:

• First, a Laurent monomial is defined by t^a = t^{a1}_1 · · · t^{an}_n .

Note that t^a gives a function (C^∗ )^n → C^∗ . In the theory of algebraic groups, this is called a character. The C -linear span of all Laurent monomials is the ring C [t_1 , t^{−1}_1 , . . . , t_n, t^{−1}_n ] of Laurent polynomials.

• Second, a 1-parameter subgroup λ^a : C^∗ → (C^∗ )^n is defined by λ^a(t) = (t^{a1} , . . . , t^{an} ).

In general, a toric variety V consists of (C^∗ )^n plus some “extra stuff.” When V is affine, we will see that the “extra stuff” is determined by which Laurent monomials t^m are defined on V . Here is an example.

Example 2.3. Consider the toric variety C^n . The one easily sees that the Laurent monomial t^m = t^{m1}_1 · · · t^{mn}_n determined by m = (m_1, . . . , m_n) ∈ Z^n extends to a function C^n → C if and only if m_i ≥ 0 for all i. Below we will construct C^n using only these Laurent monomials in Z^n. □

3. Examples of Toric Varieties Besides the basic examples of toric varieties given above, we also have the following.

Example 3.1. If V and W are toric varieties, then so is V × W . This shows, for instance, that P^1 × P^1 is a toric variety. □ Example 3.2. Consider the cuspidal cubic C = V(y^2−x^3) ⊂ C^2 . This contains C^∗ via the map t → (t^2, t^3), and C^∗ acts on C via t · (u, v) = (t^2u, t^3v). □ The previous example is interesting because it is a non-normal toric variety. In dimension one, the only normal toric varieties are C^∗ , C and P^1.

Example 3.3. Consider V = V(xy − zw) ⊂ C^4 . This contains the torus (C^∗ )^3 via the map (t_1, t_2, t_3) → (t_1, t_2, t_3, t_1t_2t^{−1}_3 ).

Question: Which Laurent monomials t^m extend to functions V → C ? If m = (a, b, c) ∈ Z^3, then we get the function on V defined by x^ay^bz^c. If a, b, c ≥ 0, then this certainly extends. However, suppose that c < 0 and a + c, b + c ≥ 0. Then, since xy = zw on V , we have

x^ay^bz^c = x^ay^b ( xy w )_c = x^{a+c}y^{b+c}w^{−c}, which shows that t^m extends to a function V → C . We will see below that the inequalities (3.1) a ≥ 0, b ≥ 0, a + c ≥ 0, b + c ≥ 0 define the dual cone corresponding to the normal affine toric variety V . □ Example 3.4. Let’s show that (C^∗ )^2 ⊂ P^2 gives the following picture in R^2 :

(3.2)

A 1-parameter subgroup u ∈ Z^2 gives a map λ^u : C^∗ → P^2. Since P^2 is compact, the limit lim_{t→0} λ^u(t)

exists in P^2. If u = (a, b) ∈ Z^2, then

λ^u(t) = (1, t^a, t^b).

It is then straightforward to compute that

(3.3) lim_{t→0} λ^u(t) = lim_{t→0}(1, t^a, t^b) =

(1, 0, 0) a, b > 0 (1, 0, 1) a > 0, b = 0 (1, 1, 0) a = 0, b > 0 (1, 1, 1) a = b = 0 (0, 0, 1) a > b, b < 0 (0, 1, 0) a < 0, a < b (0, 1, 1) a < 0, a = b. The first four cases are trivial. To see how the fifth case works, note that lim_{t→0}(1, t^a, t^b) = lim_{t→0}(t^{−b}, t^{a−b}, 1)

since these are homogeneous coordinates. Then a > b and b < 0 imply that the limit is (0, 0, 1), as claimed. The last two cases are similar.

Now observe that (3.2) decomposes the plane into 7 disjoint regions:

• The open sets a, b > 0; a < 0, a < b; and a > b, b < 0. • The open rays a > 0, b = 0; a = 0, b > 0; and a < 0, a = b. • The point a = b = 0.

The corresponds perfectly with (3.3). We will see below that (3.2) is the fan corresponding to the toric variety P^2. □

4. Cones A rational polyhedral cone σ ⊂ R^n is a cone generated by finitely many elements of Z^n: σ = { λ_1u_1 + · · · + λ_ℓu_ℓ ∈ R^n | λ_1, . . . , λ_ℓ ≥ 0 } , where u_1, . . . , u_ℓ ∈ Z^n. Then:

• σ is strongly convex if σ ∩ (−σ) = {0}.

• The dimension of σ is the dimension of the smallest subspace of R^n containing σ.

• A face of σ is the intersection {ℓ = 0} ∩ σ, where ℓ is a linear form which is nonnegative on σ.

• The edges of σ are its 1-dimensional faces. Edges are denoted by ρ. The primitive element n_ρ of an edge ρ is the unique generator of ρ ∩ Z^n. The cone σ is generated by the primitive elements n_ρ of its edges ρ.

• The facets of σ are its codimension-1 faces. When dim σ = n, each facet has an inward pointing normal which is an element of R^n . We get a unique inward normal by requiring that it is in Z^n and has minimal length.

Definition 4.1. If σ ⊂ R^n be a strongly convex rational polyhedral cone, then its dual cone σ^∨ ⊂ R^n is σ^∨ = { m ∈ R^n | ⟨m, u⟩ ≥ 0 for all u ∈ σ } , where ⟨m, u⟩ is the usual dot product on R^n . This is a rational polyhedral cone of dimension n.

Here is an example of a cone and its dual.

Example 4.2. Consider the cone σ ⊂ R^3 pictured below:

This cone is generated by the primitive elements (4.1) n_1 = (1, 0, 0), n_2 = (0, 1, 0), n_3 = (1, 0, 1), n_4 = (0, 1, 1) in Z^3, and the inward pointing normals of the facets of σ are (4.2) m_1 = (1, 0, 0), m_2 = (0, 1, 0), m_3 = (0, 0, 1), m_4 = (1, 1, −1) in Z^3. It follows that these generate the dual cone σ^∨ in R^3 . Thus (a, b, c) ∈ σ^∨ if and only if a ≥ 0, b ≥ 0, a + c ≥ 0, b + c ≥ 0 These are precisely the inequalities (3.1). □

5. Affine Toric Varieties Let σ ⊂ R^n be a strongly convex rational polyhedral cone with dual cone σ^∨ ⊂ R^n . Our goal is to show that this determines a normal affine toric variety U_σ. The basic idea is as follows. We call m ∈ σ^∨ ∩ Z^n a lattice point of σ^∨. Each lattice point m ∈ σ^∨ ∩ Z^n gives a Laurent monomial t^m. Then U_σ should be the the smallest variety on which these Laurent monomials are defined everywhere.

We will construct U_σ using Gordan’s Lemma, which implies that σ^∨ ∩ Z^n is finitely generated. In other words, there are m_1, . . . , m_ℓ ∈ σ^∨ ∩ Z^n such that every element of σ^∨ ∩ Z^n is of the form (5.1) a_1m_1 + · · · + a_ℓm_ℓ, a_i ∈ Z, a_i ≥ 0.

The generators m_1, . . . , m_ℓ determine the affine variety U_σ ⊂ C^ℓ as follows. Consider

(5.2) φ : (C^∗ )^n −→ C^ℓ

defined by φ(t_1, . . . , t_n) = ( t^{m1} (t_1, . . . , t_n), . . . , t^{mℓ} (t_1, . . . , t_n) ) . Then U_σ ⊂ C^ℓ is the Zariski closure of the image of this map. This means that U_σ is the smallest variety containing the image of (5.2).

One can prove that the map (C^∗ )^n → U_σ induced by (5.2) is an inclusion and makes U_σ into a toric variety. Furthermore:

• By (5.2), t^{mi} extends to the function U_σ → C given by the projection of U_σ ⊂ C^ℓ onto the ith coordinate. Thus t^{mi} is defined on all of U_σ.

• Since every m ∈ σ^∨ ∩ Z^n is of the form (5.1), it follows that t^m extends to a function on U_σ .

• U_σ is the smallest variety where the t^m are defined since it is the Zariski closure of (5.2).

We say that U_σ is the normal affine toric variety determined by the strictly convex rational polyhedral cone σ. Normality will be explained in Section 7.

Here is an easy example.

Example 5.1. First consider the n-dimensional cone σ generated by the standard basis e_1, . . . , e_n of Z^n. Thus σ is the “first orthant” of R^n where all coordinates are nonnegative. Then σ^∨ has the same description in R^n , so that e_1, . . . , e_n generate σ^∨ ∩ Z^n over Z_{≥0}. Since t^{ei} = t_i, it follows that (5.2) is the inclusion (C^∗ )^n ⊂ C^n . This gives U_σ = C^n . □

By (5.2), U_σ ⊂ C^ℓ is the variety of C^ℓ whose defining equations are determined by the algebraic relations among the t^{mi} . Here is an example to illustrate what this means.

Example 5.2. Consider the cone σ ⊂ R^3 pictured in Example 4.2. It is easy to see that that the generators of σ^∨ ∩ Z^3 are the vectors

m_1 = (1, 0, 0), m_2 = (0, 1, 0), m_3 = (0, 0, 1), m_4 = (1, 1, −1).

from (4.2). Thus (5.2) is defined by

(5.3) (t_1, t_2, t_3) → (t^{m1} , t^{m2} , t^{m3} , t^{m4} ) = (t_1, t_2, t_3, t_1t_2t^{−1}_3 ) ∈ C^4 .

If x, y, z, w are variables on C^4 , then t^{m1} t^{m2} = t_1t_2 = t_3(t_1t_2t^{−1}_3 ) = t^{m3} t^{m4} implies that xy − zw vanishes on the image of (5.3). It follows that U_σ ⊂ V(xy − zw), and in fact, one can show that

U_σ = V(xy − zw) ⊂ C^4 .

This gives the toric variety from Example 3.3.

The vanishing of xy − zw on U_σ follows from the relation m_1 + m_2 = m_3 + m_4 between the generators of σ^∨ ∩ Z^3. Thus the ideal ⟨xy − zw⟩ defining U_σ is determined by the integer linear relations among the m_i. This is true in general and is related to the theory of toric ideals to be discussed in the article [24] by Frank Sottile in this volume. □

6. Coordinate Rings In algebraic geometry, the ring of polynomial functions on an affine variety is called the coordinate ring of the affine variety. For example, the coordinate ring of C^n is C [x_1 , . . . , x_n].

For an affine toric variety U_σ, we can give an especially nice description of the coordinate ring. Namely, each m ∈ σ^∨ ∩ Z^n gives the Laurent monomial t^m ∈ C [t_1 , t_1−1, . . . , t_n, t^{−1}_n ]. Then consider (6.1) Span(t^m | m ∈ σ^∨ ∩ Z^n) ⊂ C [t_1 , t^{−1}_1 , . . . , t_n, t^{−1}_n ]. This is a ring since m, m^′ ∈ σ^∨ ∩ Z^n implies m + m^′ ∈ σ^∨ ∩ Z^n, so that if t^m and t^{m′} are in (6.1), then the product t^mt^{m′} = t^{m+m′} is too.

In the language of semigroup algebras, the ring (6.1) is denoted C [σ^∨ ∩ Z^n]. This is the notation used in the literature on toric varieties. The previous section shows that every Laurent monomial in this ring gives a polynomial function on U_σ and hence lies in the coordinate ring of U_σ. In fact, one can prove that C [σ^∨ ∩ Z^n] = the coordinate ring of U_σ.

Also note that if m_1, . . . , m_ℓ ∈ σ^∨ ∩ Z^n generate σ^∨ ∩ Z^n in the sense of (5.1), then C [σ^∨ ∩ Z^n] = C [t^{m1} , . . . , t^{mℓ} ] ⊂ C [t_1 , t^{−1}_1 , . . . , t_n, t^{−1}_n ].

Thus the coordinate ring consists of all polynomial expressions in the Laurent monomials t^{mi} . Here is an example.

Example 6.1. For the cone σ of Example 5.2, the Laurent monomials appearing in (5.3) show that C [σ^∨ ∩ Z^3] = C [t_1 , t_2, t_3, t_1t_2t^{−1}_3 ] ⊂ C [t_1 , t^{−1}_1 , t_2, t^{−1}_2 , t_3, t^{−1}_3 ].

This gives an explicit representation of the coordinate ring of U_σ in this case. □ 7. Normality A variety is normal if its local rings are integrally closed in their fields of fractions. This definition is unlikely to be helpful to the nonexpert. Our goal here is to describe what normality means for affine toric varieties. The key point is that the affine toric variety U_σ defined in the previous section is always normal.

To motivate our discussion, consider the following example. Example 7.1. Here is a cone and its dual:

The generators of σ^∨ ∩ Z^2 are m_i = (1, i) for i = 0, . . . , 4. It follows that U_σ ⊂ C^5 is the Zariski closure of the image of the parametrization (C^∗ )^2 → C^5 defined by (7.1) (t, u) → (t, tu, tu^2, tu^3, tu^4). What happens if we only use some of these monomials? Here are two things which can occur.

First, suppose we use only m_0 = (1, 0) and m_4 = (1, 4). Over R_{≥0} , these generate σ^∨ and give the map (C^∗ )^2 → C^2 defined by (7.2) (t, u) → (t, tu^4). The Zariski closure of the image is C^2 , but (7.2) is 4-to-1. One can show that this happens because m_0 and m_4 do not generate Z^2 over Z. The point is, an affine toric variety involves both a cone and a lattice. So m_0 and m_4 don’t work because they mess up the lattice, even though they do generate the dual cone.

Second, suppose we use m_0 = (1, 0), m_1 = (1, 1) and m_4 = (1, 4). They generate the dual cone over R_{≥0} and give the map (C^∗ )^2 → C^3 defined by (7.3) (t, u) → (t, tu, tu^4). This map is 1-to-1, which is easy to see directly and also because m_0, m_1 and m_4 generate the lattice Z^2. However, one can compute that the Zariski closure of the image of (7.3) is y^4 = x^3z. It is also straightforward to show that the singular locus of this surface is the line x = y = 0. Since the singular locus of a normal variety has codimension at least 2, it follows that this variety is not normal. Thus we have an example of a non-normal toric variety. □

In the above example, the normal toric variety U_σ determined by the cone σ and lattice Z^2 was constructed as the Zariski closure of the map (7.1) from (C^∗ )^2 to C^5 . Then (7.2) and (7.3) are other toric varieties obtained by projecting U_σ to C^2 and C^3 respectively. These projections are not the normal toric variety for σ and Z^2, because:

• In (7.2), we kept the dual cone but changed the lattice. • In (7.3), we kept the lattice and the dual cone, but lost normality.

As we will see below, the key reason for the second bullet is that m_0, m_1 and m_4 do not generate σ^∨ ∩ Z^2 over Z_{≥0}.

To generalize this example, let σ ⊂ R^n be a strongly convex rational polyhedral cone, and suppose that we have ~m_i ∈ σ^∨ ∩ Z^n for i = 1, . . . , s. Then, using the t^{~mi} as in (5.2), we get a map

(7.4) (C^∗ )^n −→ C^s .

Theorem 7.2. The Zariski closure of the image of (7.4) is the normal affine toric variety U_σ determined by σ and Z^n if and only if σ^∨ ∩ Z^n is generated over Z_{≥0} by ~m_i for i = 1, . . . , s.

Thus an affine toric variety is normal precisely when you use all lattice points in the dual cone.

8. Fans and Toric Varieties

We next create more general normal toric varieties by gluing together affine toric varieties containing the same torus (C^∗ )^n. This brings us to the concept of a fan, which is defined to be a finite collection Σ of cones in R^n with the following three properties:

• Each σ ∈ Σ is a strongly convex rational polyhedral cone. • If σ ∈ Σ and τ is a face of σ, then τ ∈ Σ. • If σ, τ ∈ Σ, then σ ∩ τ is a face of each.

Each σ ∈ Σ gives an affine toric variety U_σ , and if τ is a face of σ, then U_τ can be regarded as a Zariski open subset of U_σ . This leads to the following definiton.

Definition 8.1. Given a fan Σ in R^n , X_Σ is the variety obtained from the affine varieties U_σ, σ ∈ Σ, by gluing together U_σ and U_τ along their common open subset U_{σ∩τ} for all σ, τ ∈ Σ.

The inclusions (C^∗ )^n ⊂ U_σ are compatible with the identifications made in creating X_Σ, so that X_Σ contains the torus (C^∗ )^n as a Zariski open set. Furthermore, one can show that X_Σ is a normal toric variety and that all normal toric varieties arise in this way, i.e., every normal toric variety is determined by a fan.

The toric variety X_Σ is an example of an abstract variety. In particular, it can happen that X_Σ is neither affine nor projective.

Here are some examples of toric varieties.

Example 8.2. Given σ ⊂ R^n , we get a fan by taking all faces of σ (including σ itself). The toric variety of this fan is the affine toric variety U_σ. □ Example 8.3. The fan for P^1 is as follows:

The cones σ_1 = [0, ∞) and σ_2 = (−∞, 0] give U_{σ1} with coordinate ring C [t] and U_{σ2} with coordinate ring C [t^{−1} ], which patch in the usual way to give P^1. □ Example 8.4. Let e_1, . . . , e_n be the standard basis of Z^n, and set e_0 = −e_1 − · · · − e_n. Then we get a fan by taking the cones generated by all proper subsets of {e_0, e_1, . . . , e_n}. You should check that the associated toric variety is P^n. When n = 2, this gives the fan (3.2). □ Example 8.5. The fan for P^1 × P^1 is as follows:

In this figure, the 1-dimensional cones are four rays emanating from the origin and the 2-dimensional cones are the four quadrants. Thus the fan for P^1 × P^1 has four 2-dimensional cones σ_1, . . . , σ_4. The affine toric varieties U_{σi} ≃ C^2 glue together in the usual way to give P^1 × P^1. □ There are many other nice examples of toric varieties. Later in this article we will see that every lattice polytope in R^n determines a projective toric variety.

9. Properties of Toric Varieties

The fan Σ has a close relation to the structure of toric variety X_Σ. The basic idea is that there are one-to-one correspondences between the following objects:

• The limits lim_{t→0} λ^u(t) for u ∈ |Σ| = ⋃ σ∈Σ σ (|Σ| is the support of Σ).

• The cones σ ∈ Σ.

• The orbits of the torus action on X_Σ.

The correspondences is as follows: an orbit corresponds to a cone σ if and only if lim_{t→0} λ^u(t) exists and lies in the orbit for all u in the relative interior of σ. For an orbit orb(σ), we have:

• dim σ + dim orb(σ) = n.

• orb(σ) ⊂ orb(τ) if and only if τ ⊂ σ.

In particular, the fixed points of the torus action correspond to the n-dimensional cones in the fan. It is a good exercise verify all of this for P^2 and the fan drawn in Example 8.5.

We next discuss some basic properties of toric varieties. First, we need some terminology:

• A cone is smooth if it is generated by a subset of a basis of Z^n. • A cone is simplicial if it is generated by a subset of a basis of R^n .

Then we have the following result.

Theorem 9.1. Let X_Σ be the toric variety determined by a fan Σ in R^n . Then: (1) X_Σ is compact ⇐⇒ its support |Σ| = ⋃ σ∈Σ σ is all of R^n .

(2) X_Σ is smooth ⇐⇒ every σ ∈ Σ is smooth.

(3) X_Σ has at worst finite quotient singularities ⇐⇒ every Σ is simplicial.

(Such toric varieties are called simplicial.)

Since 2-dimensional cones are simplicial, toric surfaces have at worst finite quotient singularities. Furthermore, the finitely many singular points correspond to 2-dimensional cones whose minimal generators do not span Z^2 over Z.

10. Homogeneous Coordinates

We next describe homogeneous coordinates for toric varieties. Homogeneous coordinates on P^n give not only the graded ring C [x_0 , . . . , x_n] but also the quotient construction P^n ≃ (C^{n+1} \ {0})/C^∗ . Given a toric variety X_Σ, we generalize this as follows. Let ρ_1, . . . , ρ_r be the 1-dimensional cones of Σ and let n_i ∈ Z^n denote the primitive element of ρ_i (= generator of ρ_i ∩ Z^n). Then introduce variables x_i for i = 1, . . . , r. The goal is to represent X_Σ as the quotient

(10.1) X_Σ = (C^r \ Z)/G

for some variety Z ⊂ C^r and some group G ⊂ (C^∗ )^r.

We define Z as follows. For each cone σ ∈ Σ, we get the monomial

x^{σ̂} = ∏ n_i /∈σ xi which is the product of all variables not coming from edges of σ. Then define

Z = V(x^{σ̂} | σ ∈ Σ) ⊂ C^r .

In fact, Z can be defined using only those x^{σ̂} which correspond to maximal cones of Σ (= those cones not contained in any larger cone).

Example 10.1. For P^n, the n_i consist of the standard basis e_1, . . . , e_n plus e_0 = − ∑_n i=1. This gives variables x_0, . . . , x_n. Furthermore, the maximal cones of the fan are generated by the n-element subsets of {e_0, . . . , e_n}. It follows that Z = V(x_0, . . . , x_n) = {(0, . . . , 0)} ⊂ C^{n+1} .

This of course is what we want for P^n. □ There is another description of Z due to Batyrev which is useful in practice.

We say that a set of edge generators {n_{i1} , . . . , n_{is} } is primitive if they don’t lie in any cone of Σ but every proper subset does. Then one can show that Z = ⋃ {n_{i1} ,...,n_{is} } primitive V(x_{i1} , . . . , x_{is} ). This shows that Z is a union of coordinate subspaces.

Example 10.2. Consider the fan for P^1 × P^1, where we have indicated the minimal generators n_1 = e_1, n_2 = −e_1, n_3 = e_2, n_4 = −e_2.

n_2 n_1

n_4 n_3

The only primitive sets are {n_1, n_2} and {n_3, n_4}. It follows that

Z = V(x_1, x_2) ∪ V(x_3, x_4) = ( {(0, 0)} × C^2 ) ∪ ( C^2 × {(0, 0)} ) ⊂ C^4 .

This will be useful shortly. □ We next describe the group G. This is the subgroup of (C^∗ )^r defined by G = {(μ_1, . . . , μ_r) ∈ (C^∗ )^r | ∏_r i=1μ^{⟨m,ni⟩} i = 1 for all m ∈ Z^n}.

However, it suffices to let m be the standard basis elements e_1, . . . , e_n. Thus (μ_1, . . . , μ_n) ∈ G if and only if (10.2) ∏_r i=1μ^{⟨e1 ,ni⟩} i = ∏_r i=1μ^{⟨e2,ni⟩} i = · · · = ∏_r i=1μ^{⟨en,ni⟩} i = 1. Here are some examples.

Example 10.3. For P^n, Example 10.1 showed that the n_i are given by e_0 = − ∑_n i=1 e_i, e_1, . . . , e_n. By (10.2), it follows that (μ_0, . . . , μ_n) ∈ G if and only if μ^{−1}_0 μ_1 = μ^{−1}_0 μ_2 = · · · = μ^{−1}_0 μ_n = 1.

Thus G = {(μ, . . . , μ) ∈ (C^∗ )^{n+1}} ≃ C^∗ . This gives the usual action of C^∗ on C^{n+1} . Since we know Z from Example 10.1, the quotient representation (10.1) becomes P^n = (C^{n+1} \ {0})/C^∗ , which is the usual way of expressing P^n as a quotient. □

Example 10.4. For P^1×P^1, Example 10.2 showed that n_1 = e_1, n_2 = −e_1, n_3 = e_2, n_4 = −e_2. By (10.2), it follows that (μ_1, μ_2, μ_3, μ_4) ∈ G if and only if

μ_1μ^{−1}_2 = μ_3μ^{−1}_4 = 1.

Hence G = {(μ, μ, λ, λ) ∈ (C^∗ )^4} ≃ (C^∗ )^2. Since we know Z from Example 10.2, the quotient representation (10.1) becomes

(10.3) P^1 × P^1 = ( C^4 \ ( {(0, 0)} × C^2 ) ∪ ( C^2 × {(0, 0)} ))/ (C^∗ )^2.

This might look complicated, but since P^1 = (C^2 \ {(0, 0)})/C^∗ , we have

P^1 × P^1 = ( (C^2 \ {(0, 0)})/C^∗ ) × ( (C^2 \ {(0, 0)})/C^∗ ) . This easily reduces to the quotient (10.3). □

Here is a precise statement of the quotient representation (10.1).

Theorem 10.5. If X_Σ is a toric variety where n_1, . . . , n_r span R^n , then: (1) X_Σ is the universal categorical quotient (C^r \ Z)/G. (2) X_Σ is a geometric quotient (C^r \ Z)/G if and only if X_Σ is simplicial.

This result was discovered independently by several people in the early 1990s (see [20]). Also note that the theorem uses the terms “universal categorical quotient” and “geometric quotient”. The latter is the algebro-geometric analog of the usual idea of the quotient under a group action. As we will see in the next section, universal categorical quotient are not as well-behaved. Toric surfaces are always simplicial, so that (C^r \ Z)/G is always a geometric quotient in this case.

While we won’t prove Theorem 10.5, we should at least explain why the quotient (C^r \ Z)/G contains the torus (C^∗ )^n. For this, consider the map

(10.4) (C^∗ )^r −→ (C^∗ )^n

which sends (μ_1, . . . , μ_r) to (t_1, . . . , t_n), where

(10.5) t_j = r∏ i=1 μ^{⟨ej ,ni⟩} i , e_j = jth standard basis vector.

Then one can show that (10.4) is onto when n_1, . . . , n_r span R^n as in Theorem 10.5. Furthemore, (μ_1, . . . , μ_r) is in the kernel of (10.4) precisely when t_j = 1 for all j. Comparing (10.5) and (10.2), it follows that the kernel is the group G. Thus we have an isomorphism (C^∗ )^n ≃ (C^∗ )^r/G, so that the inclusion (C^∗ )^r ⊂ C^r \ Z induces

(C^∗ )^n ≃ (C^∗ )^r/G ⊂ (C^r \ Z)/G = X_Σ.

This explains why the quotient contains (C^∗ )^n. Furthermore, since the “big” torus (C^∗ )^r acts naturally on C^r \ Z, it follows that (C^∗ )^n acts on the quotient. Thus (C^r \Z)/G is a toric variety, and it is also normal since categorical quotients preserve normality. In fact, one can define X_Σ to be the quotient (C^r \ Z)/G.

We conclude this section with a discussion of the polynomial ring S = C [x_1 , . . . , x_r].

The key observation is that the action of G induces a natural grading on this ring. If f = f(x_1, . . . , x_r) ∈ S and (μ_1, . . . , μ_r) ∈ G, then (μ_1, . . . , μ_r) acts on f via (μ_1, . . . , μ_r) · f = f(μ_1x_1, . . . , μ_rx_r ).

As we will see, this induces a grading on S.

Example 10.6. For P^n, the action of G on a monomial is given by (μ, . . . , μ) · x^{a0}_0 · · · x^{an}_n = (μx_0)^{a0} · · · (μx_n)^{an} = μ^{a0+···+an} x^{a0}_0 · · · x^{an}_n . We say that x^{a0}_0 · · · x^{an}_n has degree a_0 + · · · + a_n, so that in particular, the x_i all have degree 1. This is the usual grading on S = C [x_0 , . . . , x_n]. □ Example 10.7. For P^1 × P^1, the action of G on a monomial is given by (μ, μ, λ, λ) · x^a_1 x^b_2x^c_3x^d_4 = (μx_1)^a(μx_2)^b(λx_3)^c(λx_4)^d = μ^{a+b}λ^{c+d}x^a_1 x^b_2x^c_3x^d_4.

We say that x^a_1 x^b_2x^c_3x^d_4 has degree (a + b, c + d), so that in particular, x_1, x_2 have degree (1, 0) and x_3, x_4 have degree (0, 1). This is the usual bigrading on S = C [x_1 , x_2, x_3, x_4]. □ In general, S = C [x_1 , . . . , x_r] has a grading so that two monomials have the same degree if and only if G acts on them in the same way. One can prove that deg(x^{a1}_1 · · · x^{ar}_r ) = deg(x^{b1}_1 · · · x^{br}_r ) ⇐⇒ there is m ∈ Z^n such that a_i = b_i + ⟨n_i, m⟩ for all i.

With this grading, we call S = C [x_1 , . . . , x_r] the homogeneous coordinate ring of X_Σ, and f ∈ S is homogeneous if all monomials appearing in f have the same degree in the above sense.

We will give some surprising examples of degrees in the next section.

11. Examples of Homogeneous Coordinates Our first example shows that variables can have negative degree. Example 11.1. We will construct global coordinates for the blow-up of 0 ∈ C^n .

Let e_1, . . . , e_n be the standard basis of Z^n and let σ = R^n_{≥0} be the cone they generate. The resulting affine toric variety is C^n . Then set e_0 = e_1 + · · · + e_n and consider the fan Σ whose cones are generated by all proper subsets of {e_0, . . . , e_n}, excluding {e_1, . . . , e_n}. We will prove that X_Σ is the blow-up of 0 ∈ C^n using the quotient representation (10.1). Let x_i be the variable corresponding to the edge generated by e_i for i = 0, . . . , n.

We begin with Z. The only primitive set is {e_1, . . . , e_n}, so that Z = V(x_1, . . . , x_n) = C × {0} ⊂ C × C^n = C^{n+1} .

As for G, the methods of the previous section show that (μ_0, . . . , μ_n) ∈ G if and only if μ_0μ_1 = μ_0μ_2 = · · · = μ_0μ_n = 1.

since e_0 = e_1 + · · · + e_n. Hence G = {(μ^{−1}, μ, . . . , μ) ∈ (C^∗ )^{n+1}} ≃ C^∗ , so that C^∗ acts on C^{n+1} = C × C^n by μ · (x_0, x) = (μ^{−1}x_0, μx).

It follows that the homogeneous coordinate ring of X_Σ is C [x_0 , . . . , x_n] where deg(x_0) = −1 and deg(x_i) = +1 for 1 ≤ i ≤ n. Furthermore, we get the quotient representation

X_Σ = ( (C × C^n ) \ (C × {0}) ) /C^∗ = ( C × (C^n \ {0}) ) /C^∗ , where C^∗ acts as above.

To analyze this quotient, take (x_0, x) ∈ C × (C^n \ {0}. We can act on this point using G to obtain x^{−1}_0 · (x_0, x) = (1, x_0x) if x_0 ≠ 0 μ · (0, x) = (0, μx) if μ ≠ 0.

In the first line, x_0x ≠ 0, so the part of the quotient where x_0 ≠ 0 is clearly C^n \{0}. In the second line, we see that the part of the quotient where x_0 = 0 is P^{n−1}. Note also that the map X_Σ → C^n given by (x_0, x_1, . . . , x_n) → (x_0x_1, . . . , x_0x_n) is welldefined since x_0x_i has degree 0 and hence is invariant under the group action. It follows that X_Σ is the blow-up of 0 ∈ C^n . □

If σ is an n-dimensional cone in R^n , then the representation of U_σ given by (10.1) is of the form C^r /G, where r is the number of edges of σ. This follows because Z = ∅ since a single cone has no primitive sets. Furthermore, there are two cases where G can be determined explicitly:

• For σ smooth, G = {1}, so that (10.1) gives U_σ = C^n .

• For σ simplicial, G ≃ Z^n/(Zn_1 + · · · + Zn_ℓ), so that according to (10.1), U_σ = C^n /G is the quotient of C^n by the finite group G.

Here is an example of the second bullet.

Example 11.2. Let σ ⊂ R^2 be the cone generated by n_1 = (1, 0) and n_2 = (1, 2). What is the toric variety U_σ? As above, we know that Z = ∅, and by (10.2), (μ_1, μ_2) ∈ G if and only if μ_1μ_2 = μ^2 = 1.

Thus G = {±(1, 1)} ⊂ (C^∗ )^2, so that G ≃ {±1} acts on a monomial via

±1 · x^a_1 x^b_2 = (±1x_1)^a(±1x_2)^b = (±1)^{a+b}x^a_1 x^b_2.

It follows that the homogeneous coordinate ring is C [x_1 , x_2], where x_1, x_2 have degree 1 mod 2. Thus x^2_1, x_1x_2, x^2 have degree 0 mod 2. Furthermore, one can show the following:

1. U_σ = V(xz − y^2) ⊂ C^3 .

2. G acts on C^2 by multiplication by ±1.

3. The ring of invariants is C [x_1 , x_2]^G = C [x^2_1 , x_1x_2, x^2]. 4. The quotient map π : C^2 → U_σ is given by (x_1, x_2) → (x^2_1, x_1x_2, x^2).

Note that C^2 → U_σ is 2-to-1. This is a classic example of a finite quotient singularity. □

In the nonsimplicial case, things can be more complicated.

Example 11.3. Consider the cone σ of Example 4.2. By Example 5.2, we know that U_σ = V(xy − zw) ⊂ C^4 . The edge generators (4.1) of σ give variables x_1, x_2, x_3, x_4. We leave it as an exercise for the reader to verify the following:

1. G = C^∗ acts on C^4 via λ · (x_1, x_2, x_3, x_4) = (λx_1, λ^{−1}x_2, λ^{−1}x_3, λx_4).

2. In the homogeneous coordinate ring C [x_1 , x_2, x_3, x_4], the variables have degrees

deg(x_1) = deg(x_4) = 1, deg(x_2) = deg(x_3) = −1.

3. The ring of invariants is

C [x_1 , x_2, x_3, x_4]^G = C [x_1 x_2, x_3x_4, x_1x_3, x_2x_4].

4. The quotient map π : C^4 → C^4 /G = U_σ is

π(x_1, x_2, x_3, x_4) = (x_1x_2, x_3x_4, x_1x_3, x_2x_4).

In this example, the quotient C^4 /G is a categorical quotient. To see how this can differ from an ordinary quotient, let p ∈ U_σ . Then one can show the following:

• p ≠ (0, 0, 0, 0) ⇒ π^{−1}(p) is a G-orbit. • p = (0, 0, 0, 0) ⇒ π^{−1}(p) = (C × {0} × {0} × C ) ∪ ({0} × C × C × {0}). The first bullet shows that most of the time, the categorical quotient C^4 /G behaves like an ordinary quotient. However, things mess up over (0, 0, 0, 0) since the second bullet shows that the stuff mapping to (0, 0, 0, 0) has dimension 2 and hence consists of infinitely many G-orbits. □

In general, quotients are not easy to construct in algebraic geometry. The above example gives one way of constructing a categorical quotient via the ring of invariants (item 3 above) under the group action. The idea is that the ring of invariants gives the coordinate ring of the quotient, and then one constructs the variety from its coordinate ring.

12. The Toric Variety of a Polytope A lattice polytope Δ in R^n is the convex hull of a finite subset of Z^n. We will show that an n-dimensional lattice polytope Δ determines a projective toric variety X_Δ of dimension n.

To do this, we first represent Δ as an intersection of halfspaces. For each facet F of Δ, there is an inward normal primitive vector n_F ∈ Z^n and integer a_F such that

(12.1) Δ = ⋂ F is a facet {m ∈ R^n | ⟨m, n_F ⟩ ≥ −a_F }. Given any face F of Δ, let σ_F be the cone generated by n_F for all facets F containing F. Then Σ_Δ = {σ_F | F is a face of Δ} is a fan which is called the normal fan of Δ. This gives a toric variety denoted X_Δ.

Example 12.1. The unit square □ with vertices (0, 0), (1, 0), (1, 1), (0, 1) can be represented □ = {a ≥ 0} ∩ {a ≤ 1} ∩ {b ≥ 0} ∩ {b ≤ 1} = {a ≥ 0} ∩ {−a ≥ −1} ∩ {b ≥ 0} ∩ {−b ≥ −1}.

It follows that the inward normals are ±e_1 and ±e_2 in Z^2. These can be pictured as follows (not drawn to scale):

(0, 0)

(0, 1)

(1, 0)

(1, 1)

Each inward normal appears twice to show that each vertex gives a 2-dimensional cone in the normal fan. For example, the vertex (1, 1) gives the 2-dimensional cone

The other vertices are handled similarly, and the resulting normal fan is the one appearing in Example 8.5. Hence X_□ = P^1 × P^1. □

In general, we can characterize these fans as follows.

Theorem 12.2. The normal toric variety of a fan Σ in R^n is projective if and only if Σ is the normal fan of an n-dimensional lattice polytope in R^n .

This is proved as follows. Let m_1, . . . , m_ℓ be the lattice points of Δ, so that ℓ = |Δ ∩ Z^n|. In the next section we will show that the map

(12.2) φ(t_1, . . . , t_n) = ( t^{m1} (t_1, . . . , t_n), . . . , t^{mℓ} (t_1, . . . , t_n) ) ∈ P^{ℓ−1} from (C^∗ )^n to P^{ℓ−1} extends to a map X_Δ → P^{ℓ−1}. Notice that this is a projective version of (5.2). Then Theorem 12.2 is proved by showing that for ν ≫ 0, the corresponding map for νΔ is an embedding.

An important consequence of the previous paragraph is that it gives a completely elementary way to define the toric variety X_Δ. Namely, given Δ and ν > 0, the analog of (12.2) is the map

φ_ν : (C^∗ )^n −→ P^{ℓν −1}

defined by the lattice points of νΔ (so that ℓ_ν = |νΔ ∩ Z^n|). Then, provided ν is sufficiently large (we will explain how large in the next section), one can define X_Δ to be the Zariski closure of the image of φ_ν . Notice how this is analogous to the definition of the affine toric variety U_σ given in Section 5.

A useful observation is that the polytope Δ is combinatorially dual to its normal fan Σ_Δ. This means that there is a one-to-one inclusion reversing correspondence

σ_F ∈ Σ_Δ ←→ F ⊂ Δ between cones of Σ_Δ and faces of Δ (provided we count Δ as a face of itself) such that

(12.3) dim σ_F + dim F = n

for all faces F of Δ. Combining this with the correspondence between cones in Σ_Δ and torus orbits in X_Δ from Section 9, we get a one-to-one dimension preserving correspondence between faces of Δ and torus orbits of X_Δ. Thus Δ determines the combinatorics of the toric variety X_Δ.

There is also a dual construction of X_Δ. Suppose that P ⊂ R^n is an ndimensional polytope which contains the origin as an interior point and whose vertices lie in Q^n . Then we get a fan Σ_P in R^n by taking cones (relative to the origin) over the faces of P . The resulting toric variety is denoted X_P .

Example 12.3. Consider the tilted square P in the plane:

The fan Σ_P obtained by taking cones over faces is the fan of Example 8.5. It follows immediately that X_P = P^1 × P^1. □

To relate this to our earlier construction, we define the polar or dual of P ⊂ R^n to be P^∘ = {m ∈ R^n | ⟨m, u⟩ ≥ −1 for all u ∈ P }.

Since P has rational vertices, so does P^∘, which means that Δ = ℓP^∘ is a lattice polytope for some positive integer ℓ. Then one can show that Σ_P is the normal fan of Δ, so that X_P is the projective toric variety X_Δ.

13. Polytopes and Homogeneous Coordinates

As in the previous section, we fix a lattice polytope Δ ⊂ R^n . The homogeneous coordinates of X_Δ have a nice description as follows. By (12.3), 1-dimensional cones of the normal fan correspond to facets of Δ. It follows that variables correspond to facets. If we label the facets F_1, . . . , F_r and the inner normals n_1, . . . , n_r, then we call x_1, . . . , x_r the facet variables of the polytope Δ.

Also, the exceptional set Z = V(x^{σ̂} | σ ∈ Σ_Δ, dim(σ) = n) ⊂ C^r has a nice description. By (12.3), n-dimension cones in the normal fan correspond to vertices v ∈ Δ. Thus we set x^{v̂} = x^{σ̂} . We call this the vertex monomial of v since it is the product of those variables whose facets miss the vertex v. It follows that Z is defined by the vanishing of the vertex monomials, so that C^r \ Z consists of points in C^r where at least one vertex monomial is nonvanishing.

From Δ, we get some interesting monomials in the homogeneous coordinate ring C [x_1 , . . . , x_r]. Write (12.1) as

(13.1) Δ = ⋂ i {m ∈ R^n | ⟨m, n_i⟩ ≥ −a_i}. Then, given m ∈ Δ ∩ Z^n, set

x^m = r∏ i=1 x^{⟨m,ni⟩+ai} i . We call x^m a Δ-monomial. The description (13.1) of Δ shows that the exponents of x^m are all ≥ 0, so that x^m is in the homogeneous coordinate ring.

One nice observation is that the exponent of x_i in x^m gives the lattice distance from m to the facet F_i. To see this, suppose that the exponent of x_i is a > 0. Then F_i lies in the hyperplane {m ∈ R^n | ⟨m, n_i⟩ + a_i = 0}. To get from here to m, we must pass through the a parallel hyperplanes, namely {m ∈ R^n | ⟨m, n_i⟩ + a_i = j} for j = 1, . . . , a. Here is an example.

Example 13.1. Consider the toric variety X_Δ of the polytope Δ ⊂ R^2

x_1 x_5

x_2 x_4

x_3

with vertices (1, 1), (−1, 1), (−1, 0), (0, −1), (1, −1). In terms of (13.1), we have a_1 = · · · = a_5 = 1, where the indices correspond to the variables x_1, . . . , x_5 shown in the above picture. The 8 points of Δ ∩ Z^2 give the following Δ-monomials:

x_2x^2_3x^2_4, x_1x^2x^2_3x_4, x^2_1x^3_2x^2_3 x_3x^2_4x_5, x_1x_2x_3x_4x_5, x^2_1x^2x_3x_5 x_1x_4x^2_5, x^2_1x_2x^2_5.

In this display, the position of each Δ-monomial x^m corresponds to the position of the lattice point m ∈ Δ ∩ Z^2. □

One nice property is all Δ-monomials have the same degree. To see this, let μ = (μ_1, . . . , μ_r) ∈ G and set μ_Δ = ∏ i μ^{ai}_i . Then, given m ∈ Δ ∩ Z^n, we have

(13.2) μ · x^m = r∏ i=1 (μ_ix_i)^{⟨m,ni⟩+ai} = μ_Δx^m

since ∏_r i=1 μ^{⟨m,ni⟩} i = 1 by the definition of G given in Section 10. It follows that all Δ-monomials transform the same way under G, which means that they have the same degree. Furthermore, one can show the Δ-monomials give all monomials of this degree.

Here are three further observations:

• The lattice points in the interior int(Δ) of Δ correspond precisely to those Δ-monomials which are divisible by x_1 · · · x_r.

• If ν is a positive integer, then Δ and νΔ have the same normal fan and toric variety. Thus X_Δ = X_{νΔ}.

• In particular, X_Δ and X_{νΔ} have the same coordinate ring C [x_1 , . . . , x_r].

Furthermore, in a sense that can be made precise, the νΔ-monomials are the monomials whose degree is ν times the degree of the Δ-monomials.

Lattice points in int(Δ) and νΔ play an important role in the Ehrhart polynomial of the polytope Δ.

We can also use Δ-monomials to give a homogeneous version of the map (12.2) which uses the quotient representation X_Δ = (C^r \ Z)/G. As in the previous section, let m_i, i = 1, . . . , ℓ be the lattice points of Δ ∩ Z^n. Then consider the map

(13.3) x = (x_1, . . . , x_r) −→ (x^{m1} , . . . , x^{mℓ} ).

First observe that if v = m_j is a vertex of Δ, then x^{mj} and the vertex monomial x^{v̂} defined in Section 12 involve exactly the same variables. This is because v has zero lattice distance to all facets it lies in and positive lattice distance to all the others. It follows that since Z is defined by the vanishing of the vertex monomials, the map (13.3) gives a well defined map ϕ : C^r \ Z −→ P^{ℓ−1}. Furthermore, given x ∈ C^r \ Z and μ ∈ G, (13.2) implies that

ϕ(μ · x) = μ_Δp(x).

Since we are mapping to projective space, ϕ induces a well-defined map

(13.4) X_Δ = ( C^r \ V(B) ) /G −→ P^{ℓ−1}. The surprise is that if one restricts this map to (C^∗ )^n ⊂ X_Δ, then the result is exactly the map (12.2) φ(t_1, . . . , t_n) = ( t^{m1} (t_1, . . . , t_n), . . . , t^{mℓ} (t_1, . . . , t_n) ) ∈ P^{ℓ−1} defined by the Laurent monomials of lattice points of Δ∩Z^n. To prove this, observe that by (10.5), the variables t_1, . . . , t_n on the torus (C^∗ )^n are related to the variables x_1, . . . , x_r on C^r via

t_j = r∏ i=1 x^{⟨ej ,ni⟩} i . Now let m = (m_1, . . . , m_n) = ∑_n j=1 m_j e_j ∈ Z^n. Then one computes that

x^{a1}_1 · · · x^{ar}_r t^m = r∏ i=1 x^{ai}_i n∏ j=1 t^{mj}_j = r∏ i=1 x^{ai}_i n∏ j=1 (^r∏ i=1 x^{⟨ej ,ni⟩} i )_{mj}

= r∏ i=1 x^{⟨m,ni⟩+ai} i = x^m.

When restricted to a point in (C^∗ )^n, it follows that as we vary m ∈ Δ ∩ Z^n, the monomials t^m and x^m differ by a multiplicative factor which doesn’t depend on m. Hence φ and (13.4) give the same map on (C^∗ )^n. In particular, this proves the claim made in the previous section that φ extends to all of X_Δ.

Finally, we note that while (13.4) is not an embedding in general, it is known to be an embedding in the following two cases:

• X_Δ is smooth, or • We replace Δ with (n − 1)Δ, n = dim(Δ).

In particular, when Δ is a polygon, we have (n − 1)Δ = (2 − 1)Δ = Δ. Thus (13.4) is always an embedding when X_Δ is a toric surface. This is the case of greatest interest in geometric modeling.

In our final example, we note that the map ϕ has appeared in the geometric modeling literature.

Example 13.2. In the paper [22] by Rimas Krasauskas, the map (13.3) appears as equation (18) in Definition 14. Krasauskas denotes the homogeneous coordinates by u_1, . . . , u_r and the points of Δ ∩ Z^n by m_0, . . . , m_N . He writes the Δ-monomials as u^{h(mi)} instead of x^{mi} . □

14. Bibliography Basic References on Toric Varieties

1. J.-L. Brylinski, Eventails et variétés toriques, in Séminaire de les Singularités de Surfaces (ed. by M. Demazure, H. Pinkham and B. Tessier), Lecture Notes in Math. 777, Springer-Verlag, New York-Berlin-Heidelberg, 1980, 247–288.

2. V. Danilov, The geometry of toric varieties, Russian Math. Surveys 33 (1978), 97–154. 3. G. Ewald, Combinatorial Convexity and Algebraic Geometry, Springer-Verlag, New York-Berlin-Heidelberg, 1996.

4. W. Fulton, Introduction to Toric Varieties, Princeton University Press, Princeton, NJ, 1993.

5. T. Oda, Convex Bodies and Algebraic Geometry: An Introduction to Toric Varieties, Springer-Verlag, New York-Berlin-Heidelberg, 1988.

Basic References on Algebraic Geometry

6. D. Cox, J. Little and D. O’Shea, Ideals, Varieties, and Algorithms, Second Edition, Springer-Verlag, New York-Berlin-Heidelberg, 1997.

7. D. Cox, J. Little and D. O’Shea, Using Algebraic Geometry, Springer-Verlag, New York-Berlin-Heidelberg, 1998.

8. D. Eisenbud and J. Harris, The Geometry of Schemes, Springer-Verlag, New York- Berlin-Heidelberg, 2000.

9. J. Harris, Algebraic Geometry: A First Course, Springer-Verlag, New York-Berlin- Heidelberg, 1992.

10. R. Hartshorne, Algebraic Geometry, Springer-Verlag, New York-Berlin-Heidelberg, 1977.

11. M. Reid, Undergraduate Algebraic Geometry, Cambridge University Press, Cambridge, 1988.

12. I. R. Shafarevich, Basic Algebraic Geometry, Second Revised and Expanded Edition, Volumes 1 and 2, Springer-Verlag, New York-Berlin-Heidelberg, 1994.

13. K. E. Smith, L. Kahanpää, P. Kekäläinen and W. Traves, An Invitation to Algebraic Geometry, Springer-Verlag, New York-Berlin-Heidelberg, 2000.

Basic References on Cones and Polytopes

14. A. Brønsted, An Introduction to Convex Polytopes, Springer-Verlag, New York-Berlin- Heidelberg, 1983.

15. B. Grünbaum, Convex Polytopes, Wiley, New York, 1967.

16. T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, NJ, 1970. 17. G. Ziegler, Lectures on Polytopes, Springer-Verlag, New York-Berlin-Heidelberg, 1995.

Introductory Articles on Toric Varieties

18. D. Cox, Toric varieties and toric resolutions, in Resolution of Singularities (H. Hauser, J. Lipman, F. Oort and A. Quirós, eds.), Birkhäuser, Basel-Boston-Berlin, 2000, 259– 284.

19. M. Reid, Review of “Convex Bodies and Algebraic Geometry: An Introduction to Toric Varieties” by T. Oda, Bull. AMS 21 (1989), 360–364.

Other Articles on Toric Varieties

20. D. Cox, The homogeneous coordinate ring of a toric variety, J. Algebraic Geom. 4 (1995), 17–50.

21. D. Cox, R. Krasauskas and M. Mustaţǎ, Universal rational parametrizations and toric varieties, this volume.

22. R. Krasauskas, Toric surface patches, Adv. Comput. Math. 17 (2002), 89–113. 23. M. Rojas, Why polyhedra matter in non-linear equation solving, this volume. 24. F. Sottile, Toric ideals, real toric varieties, and the moment map, this volume.

Department of Mathematics and Computer Science, Amherst College, Amherst, MA 01002

E-mail address: dac@cs.amherst.edu