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ALGEBRAIC GEOMETRY

INTRODUCTION

Algebraic geometry is themathematical study of geometric
objects by means of algebra. Its origins go back to the
coordinate geometry introduced by Descartes. A classic
example is the circle of radius 1 in the plane, which is
the geometric object defined by the algebraic equation
x2 þ y2 ¼ 1. This generalizes to the idea of a systems of
polynomial equations in many variables. The solution sets
of systems of equations are called varieties and are the
geometric objects to be studied, whereas the equations and
their consequences are the algebraic objects of interest.

In the twentieth century, algebraic geometry became
much more abstract, with the emergence of commutative
algebra (rings, ideals, and modules) and homological
algebra (functors, sheaves, and cohomology) as the founda-
tional language of the subject. This abstract trend culmi-
nated in Grothendieck’s scheme theory, which includes not
only varieties but also large parts of algebraic number
theory. The result is a subject of great power and scope—
Wiles’ proof of Fermat’s Last Theorem makes essential
use of schemes and their properties. At the same time,
this abstraction made it difficult for beginners to learn
algebraic geometry. Classic introductions include Refs. 1
and 2, both of which require a considerable mathematical
background.

As the abstract theory of algebraic geometry was being
developed in themiddle of the twentieth century, a parallel
development was taking place concerning the algorithmic
aspects of the subject. Buchberger’s theory ofGröbner bases
showed how to manipulate systems of equations system-
atically, so (for example) one can determine algorithmically
whether two systems of equations have the same solutions
over the complex numbers. Applications of Gröbner bases
are described in Buchberger’s classic paper [3] and now
include areas such as computer graphics, computer vision,
geometric modeling, geometric theorem proving, optimiza-
tion, control theory, communications, statistics, biology,
robotics, coding theory, and cryptography.

Gröbner basis algorithms, combined with the emer-
gence of powerful computers and the development of com-
puter algebra (see SYMBOLIC COMPUTATION), have led to
different approaches to algebraic geometry. There are
now several accessible introductions to the subject, includ-
ing Refs. 4–6.

In practice, most algebraic geometry is done over a field,
and the most commonly used fields are as follows:

� The rational numbersQused in symbolic computation.

� The real numbers R used in geometric applications.

� The complex numbers C used in many theoretical
situations.

� The finite fieldFq with q ¼ pm elements (p prime) used
in cryptography and coding theory.

In what follows, k will denote a field, which for concrete-
ness can be taken to be one of the above. We now explore
the two main flavors of algebraic geometry: affine and
projective.

AFFINE ALGEBRAIC GEOMETRY

Given a field k, we have n-dimensional affine space kn,
which consists of all n-tuples of elements of k. In some
books, kn is denoted An(k). The corresponding algebraic
object is the polynomial ring k[x1, . . . , xn] consisting of all
polynomials in variables x1, . . . , xn with coefficients in k.
Bypolynomial,wemeanafinite sumof terms, each ofwhich
is an element of k multiplied by a monomial

xa1

1 xa2

2 � � � xan
n

where a1, . . . ,an are non-negative integers. Polynomials
can be added and multiplied, and these operations are
commutative, associative, and distibutive. This is why
k[x1, . . . , xn] is called a commutative ring.

Given polynomials f1,. . ., fs in k[x1, . . . , xn ], the affine
variety V(f1, . . . , fs) consists of all points (u1, . . . ,un) in kn

that satisfy the system of equations

f1ðu1; . . . ;unÞ ¼ � � � ¼ fsðu1; . . . ;unÞ ¼ 0:

Some books (such as Ref. 1) call V(f1, . . . , fs) an affine
algebraic set.

The algebraic object corresponding to an affine variety is
called an ideal. These arise naturally from a system of
equations f1 ¼ � � � ¼ fs ¼ 0 as follows. Multiply the first
equation by a polynomial h1, the second by h2, and so on.
This gives the equation

h ¼ h1 f1 þ � � � þ hs fs ¼ 0;

which is called a polynomial consequence of the original
system. Note that hðu1; . . . ;unÞ ¼ 0 for every (u1, . . . ,un)
in V(f1, . . . , fs). The ideal hf1, . . . , fsi consists of all poly-
nomial consequences of the system f1 ¼ � � � ¼ fs ¼ 0.
Thus, elements of hf1, . . . , fsi are linear combinations of
f1, . . . , fs, where the coefficients are allowed to be arbitrary
polynomials.

A general definition of ideal applies to any commutative
ring. The Hilbert Basis Theorem states that all ideals in a
polynomial ring are of the form hf1, . . . , fsi. We say that
f1, . . . , fs is a basis of hf1, . . . , fsi and that hf1, . . . , fsi is gen-
erated by f1, . . . , fs. This notion of ‘‘basis’’ differs from how
the term is used in linear algebra because linear indepen-
dence fails. For example, x, y is a basis of the ideal hx, yi in
k[x, y], even though y � xþ ½�x� � y ¼ 0.

A key result is that if V(f1, . . . , fs) ¼ V{g1, . . . , gt) when-
ever hf1, . . . , fsi ¼ hg1, . . . ,gti. This is useful in practice
because switching to a different basis may make it easier
to understand the solutions of the equations. From the
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theoretical point of view, this shows that an affine variety
depends on the ideal I generated by the defining equations,
so that the affine variety can be denoted V(I). Thus, every
ideal gives an affine variety.

We can also reverse this process. Given an affine variety
V, let I(V) consist of all polynomials that vanish onall points
of V. This satisfies the abstract definition of ideal. Thus,
everyaffinevarietygivesan ideal, andone canshowthatwe
always have

V ¼ VðIðVÞÞ:

However, the reverse equality may fail. In other words,
there are ideals I such that

I 6¼ IðVðIÞÞ:

An easy example is provided by I ¼ hx2i in k|x|, because
IðVðIÞÞ ¼ hxi 6¼ I. Hence, the correspondence between
ideals and affine varieties is not a perfect match. Over
the complex numbers, we will see below that there is
nevertheless a nice relation between I and I(V(I)).

One can prove that the union and intersection of affine
varieties are again affine varieties. In fact, given ideals
I and J, one has

VðIÞ [VðJÞ ¼ VðI \JÞ
VðIÞ \VðJÞ ¼ VðI þ JÞ;

where

I\J ¼ fg j g is in both I and Jg
I þ J ¼ fgþ h j g is in I and h is in Jg

are the intersection and sum of I and J (note that I\J
and I þ J are analgous to the intersection and sum of
subspaces of a vector space). In this way, algebraic opera-
tions on ideals correspond to geometric operations on vari-
eties. This is part of the ideal-variety correspondence
explained in Chapter 4 of Ref. 4.

Sometimes an affine variety can be written as a union of
strictly smaller affine varieties. For example,

Vððx� yÞðx2 þ y2 � 1ÞÞ ¼ Vðx� yÞ [Vðx2 þ y2 � 1Þ

expresses the affine variety Vððx� yÞðx2 þ y2 � 1ÞÞ as the
union of the line y ¼ x and the unit circle (Fig. 1).

In general, an affine variety is irreducible if it has no
such decomposition. In books such as Ref. 1, varieties are
always assumed to be irreducible.

One can show that every affine variety V can be written
as

V ¼ V1 [ � � � [Vm

where each Vi is irreducible and no Vi is contained in Vj

for j 6¼ i. We say that the Vi are the irreducible components
of V. Thus, irreducible varieties are the ‘‘building blocks’’
out of which all varieties are built. Algebraically, the above
decomposition means that the ideal of V can be written as

IðVÞ ¼ P1 \ � � � \Pm

where each Pi is prime (meaning that if a product ab lies in
Pi, then so does a or b) and no Pi contains Pj for j 6¼ i. This
again illustrates the close connection between the algebra
and geometry. (For arbitrary ideals, things are a bit more
complicated: The above intersection of prime ideals has to
be replaced with what is called a primary decomposition—
see Chapter 4 of Ref. 4).

Every variety has a dimension. Over the real numbers
R, this corresponds to our geometric intuition. But over the
complex numbers C, one needs to be careful. The affine
space C2 has dimension 2, even though it looks four-
dimensional from the real point of view. The dimension
of a variety is the maximum of the dimensions of its
irreducible components, and irreducible affine varieties
of dimensions 1, 2, and 3 are called curves, surfaces, and
3-folds, respectively. An affine variety in kn is called a
hypersurface if every irreducible component has dimension
n � 1.

PROJECTIVE ALGEBRAIC GEOMETRY

One problem with affine varieties is that intersections
sometimes occur ‘‘at infinity.’’ An example is given by the
intersection of a hyperbola with one of its asymptotes in
Fig. 2.

(Note that a line has a single point at infinity.) Points at
infinity occur naturally in computer graphics, where the
horizon in a perspective drawing is the ‘‘line at infinity’’
where parallel linesmeet. Adding points at infinity to affine
space leads to the concept of projective space.

1
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Figure 1.
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y ← meet at
infinity

meet at the same
point at infinity 

↓

Figure 2.
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Themost commonway to definen-dimensional projective
space Pn(k) is via homogeneous coordinates. Every point in
Pn(k) has homogeneous coordinates [u0, . . . ,un], where
(u0, . . . ,un) is an element of kn+l different from the zero
element (0, . . . , 0). The square brackets in [u0, . . . ,un] indi-
cate that homogeneous coordinates are not unique; rather,

½u0; . . . ;un� ¼ ½v0; . . . ; vn�

if and only if there is a nonzero l in k such that lui ¼ vi

for i ¼ 0; . . . ;n, i.e., lðu0; . . . ;unÞ ¼ ðv0; . . . ; vnÞ. This means
that two nonzero points in kn+1 give the same point inPn(k)
if and only if they lie on the same line through the origin.

Consider those points in Pn(k) where u0 6¼ 0. As (1=u0)
(u0, u1, . . . ,un) ¼ (l, u1=u0, . . . ,un=un), one sees easily that

PnðkÞ ¼ kn [Pn�1ðkÞ:

We callPn�1 (k) the hyperplane at infinity in this situation.
One virtue of homogeneous coordinates is that they have a
rich supply of coordinate changes. For example, an inver-
tible 4 � 4 matrix with real entries gives an invertible
transformation from P3(R) to itself. The reason you see
4 � 4 matrices in computer graphics is that you are really
working in three-dimensional projective space P3(R),
although this is rarely mentioned explicitly. See THREE-
DIMENSIONAL GRAPHICS.

Now that we have Pn(k), we can define projective vari-
eties as follows. A polynomial F in k[x0, . . . , xn] is homo-
geneous of degree d if every monomial xa0

0 . . . xan
n appearing

in F has degree d, i.e., a0 þ � � � þ an ¼ d. Such a polynomial
has the property that

Fðlx0; . . . ; lxnÞ ¼ ldFðx0; . . . ; xnÞ:

For a point [u0, . . . ,un] of P
n(k), the quantity F(u0, . . . ,un)

is not well defined because of the ambiguity of homo-
geneous coordinates. But when F is homogeneous, the
equation Fðu0; . . . ;unÞ ¼ 0 is well defined. Then, given
homogeneous polynomials F1, . . . ,Fs, the projective variety
V(F1, . . . ,Fs) consists of all points [u0, . . . ,un] in Pn(k)
that satisfy the system of equations

F1ðu1; . . . ;unÞ ¼ � � � ¼ Fsðu1; . . . ;unÞ ¼ 0:

Some books (such as Ref. 1) call V(F1, . . . ,Fs) a projective
algebraic set.

The algebraic object corresponding to Pn(k) is the polyno-
mial ring k[x0, . . . ,xn], whichwe now regard as a graded ring.
This means that by grouping together terms of the same de-
gree,everypolynomial fofdegreedcanbeuniquelywrittenas

f ¼ f0 þ f1 þ � � � þ fd;

where fi is homogeneous of degree i (note that fi may
be zero). We call the fi the homogeneous components of f.
An ideal I ishomogeneous if it is generated by homogeneous
polynomials. If I is homogeneous, then a polynomial lies
in I if and only if its homogeneous components lie in I.

Most concepts introduced in the affine context carry over
to the projective setting. Thus, we can ask whether a

projective variety is irreducible and what is its dimension.
We also have a projective version of the ideal-variety cor-
respondence, where homogeneous ideals correspond to
projective varieties. This is a bit more sophisticated than
the affine case, in part because the ideal hx0, . . . , xni defines
the empty variety because homogeneous coordinates are
not allowed to all be zero.

Given a projective variety V in Pn(k), we get a homo-
geneous ideal I ¼ IðVÞ in k[x0, . . . , xn]. Let Id consist of all
homogeneouspolynomials of degreed that lie in I. Then Id is
a finite-dimensional vector space over k, and by a theorem
of Hilbert, there is a polynomial P(x), called the Hilbert
polynomial, such that for all sufficiently large integers d
sufficiently large, we have

nþ d
n

� �
� dimkId ¼ PðdÞ;

where the binomial coefficient ðnþd
n
Þ is the dimension of the

space of all homogeneous polynomials of degreen. Then one
can prove that the dimension m of V equals the degree of
P(x). Furthermore, if we write the Hilbert polynomial P(x)
in the form

PðxÞ ¼ D

m!
xm þ terms of lower degree;

then D is a positive integer called the degree of V. For
example, when V is defined by F ¼ 0 over the complex
numbers, where F is irreducible and homogeneous of
degree d, then V has degree d according to the above
definition. This shows just howmuch information is packed
into the ideal I. Later we will discuss the algorithmic
methods for computing Hilbert polynomials.

THE COMPLEX NUMBERS

Although many applications of algebraic geometry work
over the real numbers R, the theory works best over the
complex numbers C. For instance, suppose that V ¼
Vð f1; . . . ; fsÞ is a variety in Rn of dimension d. Then we
expect V to be defined by at least n� d equations because
(roughly speaking) each equation should lower the dimen-
sion by one. But if we set f ¼ f 21 þ � � � þ f 2s , then f ¼ 0
is equivalent to f1 ¼ � � � ¼ fs ¼ 0 because we are over-
working R. Thus, V ¼ Vð f1; . . . ; fsÞ can be defined by one
equation, namely f ¼ 0. In general, the relation between
ideals and varieties is complicated when working over R.

As an example of why things are nicer over C, consider
an ideal I in C[x1, . . . , xn] and let V ¼ VðIÞ be the corres-
ponding affine variety in Cn. The polynomials in I clearly
vanish on V, but there may be others. For example,
suppose that f is not in I but some power of f, say f ‘, is
in I. Then f ‘ and hence f vanish on V. The Hilbert Null-
stellensatz states that these are the only polynomials that
vanish on V, i.e.,

IðVÞ ¼ IðVðIÞÞ

¼ f f inC½x1; . . . ; xn�j f ‘ is in I for some integer ‘� 0g:

ALGEBRAIC GEOMETRY 3



The ideal on the right is called the radical of Iand is denoted
rad(I). Thus, the Nullstellensatz asserts that over C, we
have IðVðIÞÞ ¼ radðIÞ. It is easy to find examples where this
fails over R.

Another example of why C is nice comes from Bézout’s
Theorem in Fig. 3. In its simplest form, this asserts that
distinct irreducible plane curves of degrees m and n inter-
sect in mn points, counted with multiplicity. For example,
consider the intersection of a circle andanellipse. These are
curves of degree 2, so we should have four points of inter-
section. But if the ellipse is really small, it can fit entirely
inside the circle, which makes it seem that there are no
points of intersection:

This is because we are working over R; over C, there
really are four points of intersection.

Bézout’s Theorem also illustrates the necessity of work-
ing over the projective plane. Consider, for example, the
intersection of a hyperbola and one of its asymptotes in
Fig. 4.

These are curves of degree 2 and 1, respectively, so there
should be 2 points of intersection. Yet there are none inR2

orC2. But once we go toP2(R) or P2(C), we get one point of
intersection at infinity, which has multiplicity 2 because
theasymptote and thehyperbola are tangent at infinity.We
will say more about multiplicity later in the article.

In both the Nullstellensatz and the Bézout’s theorems,
we can replace C with any algebraically closed field,
meaning a field where every nonconstant polynomial
has a root. A large part of algebraic geometry involves
the study of irreducible projective varieties over algebrai-
cally closed fields.

FUNCTIONS ON AFFINE AND PROJECTIVE VARIETIES

In mathematics, one often studies objects by considering
the functions defined on them. For an affine varietyV in kn,
we let k[V] denote the set of functions from V to k given
by polynomials in k[x1, . . . , xn]. One sees easily that k[V]
is a ring, called the coordinate ring of V.

An important observation is that two distinct poly-
nomials f and g in k[x1, . . . , xn] can give the same function
on V. This happens precisely when f � g vanishes on V,
i.e., when f � g is in the ideal I(V). We express this by
writing

f � gmod IðVÞ;

similar to the congruence notation introduced by Gauss.
It follows that computations in k[x1, . . . , xn] modulo I(V)
are equivalent to computations in k[V]. In the lang-
uage of abstract algebra, this is expressed by the ring
isomorphism

k½x1; . . . ; xn�=IðVÞ’ k½V �;

where k[x1, . . . , xn]/I(V) is the set of equivalence classes of
the equivalence relation f ¼ g mod I(V). More generally,
given any ideal I in k[x1, . . . , xn], one gets the quotient ring
k[x1, . . . , xn]/I coming from the equivalence relation f ¼ g
mod I. We will see later that Gröbner bases enable us to
compute effectively in quotient rings.

We can use quotients to construct finite fields as
follows. For a prime p, we get Fp by considering the inte-
gers modulo p. To get Fpm when m> 1, take an irreducible
polynomial f in Fp[x] of degree m. Then the quotient
ring Fp[x]/hfi is a model of Fpm . Thus, for example, compu-
tations in F2[x] modulo x2 þ xþ 1 represent the finite
field F4. See ALGEBRAIC CODING THEORY for more on finite
fields.

The coordinate ringC[V] of an affine variety V inCn has
an especially strong connection to V. Given a point
(u1, . . . ,un) of V, the functions in C[V] vanishing at
(u1, . . . ,un) generate a maximal ideal, meaning an ideal
of C[V] not equal to the whole ring but otherwise as
big as possible with respect to inclusion. Using the
Nullstellensatz, one can show that all maximal ideals of
C[V] arise this way. In other words, there is a one-to-one
correspondence

points of V !maximal ideals of C½V �:

Later we will use this correspondence to motivate the
definition of affine scheme.

Functions on projective varieties have a different flavor,
since a polynomial function defined everywhere on a con-
nected projective variety must be constant. Instead, two
approaches are used, which we will illustrate in the case
of Pn(k). In the first approach, one considers rational
functions, which are quotients

Fðx0; . . . ; xnÞ
Gðx0; . . . ; xnÞ

x

y

Figure 3.

x

y ← meet at
infinity

meet at the same
point at infinity 

↓

Figure 4.
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of homogeneous polynomials of the samedegree, sayd. This
function is well defined despite the ambiguity of homoge-
neous coordinates, because

Fðlx0; . . . ; lxnÞ
Gðlx0; . . . ; lxnÞ

¼ ldFðx0; . . . ; xnÞ
ldGðx0; . . . ; xnÞ

¼ Fðx0; . . . ; xnÞ
Gðx0; . . . ; xnÞ

:

However, this function is not defined when the deno-
minator vanishes. In other words, the above quotient is
only defined where G 6¼ 0. The set of all rational func-
tions on Pn(k) forms a field called the field of rational
functions on Pn(k). More generally, any irreducible
projective variety V has a field of rational functions,
denoted k(V).

The second approach to studying functions on Pn(k)
is to consider the polynomial functions defined on
certain large subsets of Pn(k). Given projective variety
V in Pn(k), its complement U consists of all points of Pn(k)
not in V. We call U a Zariski open subset of Pn(k). Then let
GðUÞbe the ring of all rational functions onPn(k) defined at
all points of U. For example, the complement U0 of V(x0)
consists of points where x0 6¼ 0, which is a copy of kn. So
hereGðU0Þ is the polynomial ring k[x1=x0, . . . , xn=x0].When
we consider the rings GðUÞ for all Zariki open subsets U,
we get a mathematical object called the structure sheaf
of Pn(k). More generally, any projective variety V has
a structure sheaf, denoted Ov. We will see below that
sheaves play an important role in abstract algebraic
geometry.

GRÖBNER BASES

Buchberger introduced Gröbner bases in 1965 in order to
do algorithmic computations on ideals in polynomial
rings. For example, suppose we are given polynomials f,
f1; . . . ; fs 2 k½x1; . . . ; xn�, where k is a field whose elements
can be represented exactly on a computer (e.g., k is a finite
field or the field of rational numbers). From the point of
view of pure mathematics, either f lies in the ideal
hf1, . . . , fsi or it does not. But from a practical point of
view, one wants an algorithm for deciding which of
these two possibilities actually occurs. This is the ideal
membership question.

In the special case of two univariate polynomials f, g
in k[x], f lies in hgi if and only if f is a multiple of g, which
we can decide by the division algorithm from high-school
algebra. Namely, dividing g into f gives f ¼ qgþ r, where
the remainder r has degree strictly smaller than the degree
of g. Then f is a multiple of g if and only if the remainder
is zero. This solves the ideal membership question in our
special case.

To adapt this strategy to k[x1, . . . , xn], we first need to
order the monomials. In k[x], this is obvious: The mono-
mials are 1, x, x2, etc. But there are many ways to do this
when there are two or more variables. A monomial order >
is an order relation onmonomialsU, V, W,. . . in k[x1, . . . , xn]
with the following properties:

1. Given monomials U and V, exactly one of U >V ,
U ¼ V , or U <V is true.

2. If U >V , then UW >VW for all monomials W.

3. If U 6¼ 1, then U > 1; i.e., 1 is the least monomial with
respect to >.

These properties imply that> is a well ordering, mean-
ing that any strictly decreasing sequence with respect to
> is finite. This is used to prove termination of various
algorithms. An example of a monomial order is lexico-
graphic order, where

xa1

1 xa2

2 . . . xan
n > xb1

1 xb2

2 . . . xbn
n

provided

a1 > b1; or a1 ¼ b1 and a2> b2; or a1 ¼ b1;

a2 ¼ b2 and a3> b3; etc:

Other important monomial orders are graded lexico-
graphic order and graded reverse lexicographic order.
These are described in Chapter 2 of Ref. 4.

Now fix a monomial order >. Given a nonzero poly-
nomial f, we let lt( f ) denote the leading term of f, namely
the nonzero term of f whose monomial is maximal with
respect to > (in the literature, lt(f) is sometimes called
the initial term of f, denoted in(f)). Given f1, . . . , fs, the
division algorithm produces polynomials q1, . . . , qs and
r such that

f ¼ q1 f1 þ � � � þ qs fs þ r

where every nonzero term of r is divisible by none of
lt(f1), . . . , lt(fs). The remainder r is sometimes called the
normal form of f with respect to f1, . . . , fs. When s ¼ 1 and f
and f1 are univariate, this reduces to the high-school
division algorithm mentioned earlier.

In general, multivariate division behaves poorly. To
correct this, Buchberger introduced a special kind of
basis of an ideal. Given an ideal I and a monomial order,
its ideal of leading terms lt (I) (or initial ideal in (I)is the
ideal generated by lt(f) for all f in I. Then elements
g1, . . . , gt of I form a Gröbner basis of I provided that
lt(g1), . . . , lt(gt) form a basis of lt(I). Buchberger showed
that a Gröbner basis is in fact a basis of I and that, given
generators f1, . . . , fs of I, there is an algorithm (the
Buchberger algorithm) for producing the corresponding
Gröbner basis. A description of this algorithmcanbe found
in Chapter 2 of Ref. 4.

The complexity of the Bucherger algorithm has been
studied extensively. Examples are knownwhere the input
polynomials have degree � d, yet the corresponding
Gröbner basis contains polynomials of degree 22

d
. Theo-

retical results show that this doubly exponential behavior
is the worst that can occur (for precise references, see
Chapter 2 of Ref. 4). However, there are many geometric
situationswhere the complexity is less. For example, if the
equations have only finitely many solutions over C, then
the complexity drops to a single exponential. Further-
more, obtaining geometric information about an ideal,
such as the dimension of its associated variety, often
has single exponential complexity. When using graded
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reverse lexicographic order, complexity is related to the
regularity of the ideal. This is discussed inRef. 7. Belowwe
will say more about the practical aspects of Gröbner basis
computations.

Using the properties of Gröbner bases, one gets the
following ideal membership algorithm: Given f, f1, . . . , fs,
use the Buchberger algorithm to compute a Gröbner basis
g1, . . . , gt of h f1, . . . , fsi and use the division algorithm
to compute the remainder of f on division by g1, . . . , gt.
Then f is in the ideal h f1, . . . , fsi if and only if the remainder
is zero.

Another important use of Gröbner bases occurs in elimi-
nation theory. For example, in geometric modeling, one
encounters surfaces inR3 parametrized by polynomials, say

x ¼ f ðs; tÞ; y ¼ gðs; tÞ; z ¼ hðs; tÞ:

To obtain the equation of the surface, we need to elim-
inate s, t from the above equations. We do this by consider-
ing the ideal

hx� f ðs; tÞ; y� gðs; tÞ; z� hðs; tÞi

in the polynomial ring R[s, f, x, y, z] and computing a
Gröbner basis for this ideal using lexicographic order,
where the variables to be eliminated are listed first. The
Elimination Theorem (see Chapter 3 of Ref. 4) implies that
the equation of the surface is the only polynomial in the
Gröbner basis not involving s, t. In practice, elimination is
often done by othermethods (such as resultants) because of
complexity issues. See also the entry on SURFACE MODELING.

Our final application concerns a system of equations
f1 ¼ � � � ¼ fs ¼ 0 in n variables overC. Let I ¼ h f1; . . . ; fsi,
and compute a Gröbner basis of I with respect to any
monomial order. The Finiteness Theorem asserts that the
following are equivalent:

1. The equations have finitely many solutions in Cn.

2. The Gröbner basis contains elements whose leading
terms are pure powers of the variables (i.e., x1 to a
power, x2 to a power, etc.) up to constants.

3. The quotient ringC[x1, . . . ,xn]=I is a finite-dimensional
vector space over C.

The equivalence of the first two items gives an algorithm
for determining whether there are finitely many solutions
over C. From here, one can find the solutions by several
methods, including eigenvalue methods and homotopy con-
tinuation. These and othermethods are discussed in Ref. 8.
The software PHCpack (9) is a freely available implemen-
tation of homotopy continuation. Using homotopy techni-
ques, systemswith 105 solutions have been solved.Without
homotopy methods but using a robust implementation of
the Buchberger algorithm, systems with 1000 solutions
have been solved, and in the context of computational
biology, some highly structured systems with over 1000
equations have been solved.

However, although solving systems is an important
practical application of Gröbner basis methods, we want
to emphasize that many theoretical objects in algebraic

geometry, suchasHilbert polynomials, free resolutions (see
below), and sheaf cohomology (also discussed below), can
also be computed by these methods. As more and more of
these theoretical objects are finding applications, the abil-
ity to compute them is becoming increasingly important.

Gröbner basis algorithms have been implemented in
computer algebra systems such as Maple (10) and Mathe-
matica (11). For example, the solve command inMaple and
Solve command inMathematicamake use of Gröbner basis
computations.We should alsomentionCoCoA (12),Macau-
lay 2 (13), and Singular (14), which are freely available on
the Internet. These powerful programs are used by
researchers in algebraic geometry and commutative alge-
bra for a wide variety of experimental and theoretical
computations. With the help of books such as Ref. 5 for
Macaulay 2, Ref. 15 for CoCoA, and Ref. 16 for Singular,
these programs can be used by beginners. The program
Magma [17] is not free but has a powerful implementation
of the Buchberger algorithm.

MODULES

Besides rings, ideals, and quotient rings, another impor-
tant algebraic structure to consider is the concept ofmodule
over a ring. Let R denote the polynomial ring k[x0, . . . , xn].
Then saying that M is an R-module means that M has
addition and scalar multiplication with the usual proper-
ties, except that the ‘‘scalars’’ are now elements of R. For
example, the free R-module Rm consists of m-tuples of
elements of R. We can clearly add two such m-tuples and
multiply an m-tuple by an element of R.

A more interesting example of an R-module is given by
an ideal I ¼ h f1; . . . ; fsi inR. If we choose the generating set
f1, . . . , fs to be as small as possible, we get aminimal basis of
I. But when s� 2, f1, . . . , fs cannot be linearly independent
over R, because f j � f i þ ð� fiÞ � f j ¼ 0 when i 6¼ j. To see
how badly the fi fail to be independent, consider

Rs! I! 0;

where the first arrow is given by a dot product with
(f1, . . . , fs) and the second arrow is a standard way of
saying the first arrow is onto, which is true because
I ¼ h f1; . . . ; fsi. The kernel or nullspace of the first arrow
measures the failure of the fi to be independent. This kernel
is an R-module and is called the syzygy module of f1, . . . , fs,
denoted Syz( f1, . . . , fs).

The Hilbert Basis Theorem applies in this situation, so
that there are finitely many syzygies h1, . . . ,h‘ in Syz
(f1, . . . , fs) such that every syzygy is a linear combination,
with coefficients in R, of h1, . . . ,h‘. Each hi is a vector of
polynomials; if we assemble these into a matrix, then
matrix multiplication gives a map

R‘!Rs

whose image isSyz(f1, . . . , fs). This looks like linear algebra,
except that we are working over a ring instead of a field. If
we think of the variables inR ¼ k½x1; . . . ; xn� as parameters,
then we are doing linear algebra with parameters.
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The generating syzgyies hi may fail to be independent,
so that the above map may have a nonzero kernel. Hence
we can iterate this process, although the Hilbert Syzygy
Theorem implies that kernel is eventually zero. The result
is a collection of maps

0!Rt! � � � !R‘!Rs! I!0;

where at each stage, the image of one map equals the
kernel of the next. We say that this is a free resolution of I.
ByadaptingGröbner basismethods tomodules, oneobtains
algorithms for computing free resolutions.

Furthermore, when I is a homogeneous ideal, thewhole
resolution inherits a graded structure that makes it
straightforward to compute the Hilbert polynomial of I.
Given whatwe know aboutHilbert polynomials, this gives
an algorithm for determining the dimension and degree
of a projective variety. A discussion of modules and free
resolutions can be found in Ref. 18.

Although syzygies may seem abstract, there are situa-
tions in geometric modeling where syzygies arise naturally
as moving curves and moving surfaces (see Ref. 19). This
and other applications show that algebra needs to be added
to the list of topics that fall under the rubric of applied
mathematics.

LOCAL PROPERTIES

In projective space Pn(k), let Ui denote the Zariski
open subset where xi 6¼ 0. Earlier we noted that U0 looks
theaffine space kn; the same is true for the other Ui.
This means that Pn(k) locally looks like affine space.
Furthermore, if V is a projective variety in Pn(k), then
one can show that Vi ¼ V \Ui is a affine variety for all i.
Thus, every projective variety locally looks like an affine
variety.

In algebraic geometry, one can get even more local.
For example, let p ¼ ½u0; . . . ;un� be a point of Pn(k). Then
let Op consist of all rational functions onPn(k) defined at p.
Then Op is clearly a ring, and the subset consisting of
those functions that vanish at p is a maximal ideal. More
surprising is the fact that this is the unique maximal ideal
ofOp.WecallOp the local ring ofPn(k) atp, and ingeneral, a
commutative ring with a unique maximal ideal is called a
local ring. In a similar way, a point p of an affine or
projective variety V has a local ring OV,P.

Many important properties of a variety at a point are
reflected in its local ring. As an example, we give the
definition of multiplicity that occurs in Bézout’s Theorem.
Recall the statement: Distinct irreducible curves in P2(C)
of degrees m and n intersect at mn points, counted
with multiplicity. By picking suitable coordinates, we
can assume that the points of intersection lie in C2 and
that the curves are defined by equations f ¼ 0 and g ¼ 0 of
degreesm and n, respectively. Ifp is a point of intersection,
then its multiplicity is given by

multðpÞ ¼ dimC Op=h f ; gi; Op ¼ local ring of P2ðCÞ at p;

and the precise version of Bézout’s Theorem states that

m n ¼
X

f ðpÞ¼gðpÞ¼0
multðpÞ:

A related notion of multiplicity is the Hilbert–Samuel
multiplicity of an ideal in Op, which arises in geometric
modeling when considering the influence of a basepoint
on the degree of the defining equation of a parametrized
surface.

SMOOTH AND SINGULAR POINTS

In multivariable calculus, the gradient r f ¼ @ f
@x iþ

@ f
@y j

is perpendicular to the level curve defined by f ðx; yÞ ¼ 0.
When one analzyes this carefully, one is led to the following
concepts for a point on the level curve:

� A smooth point, where r f is nonzero and can be used
to define the tangent line to the level curve.

� A singular point, wherer f is zero and the level curve
has no tangent line at the point.

These concepts generalize to arbitrary varieties. For any
variety, most points are smooth, whereas others—those
in the singular locus—are singular. Singularities can be
important. For example, when one uses a variety to des-
cribe the possible states of a robot arm, the singularities of
the variety often correspond to positions where the motion
of the arm is less predictable (see Chapter 6 of Ref. 4 and
the entry on ROBOTICS).

A variety is smooth or nonsingular when every point
is smooth. When a variety has singular points, one can
use blowing up to obtain a new variety that is less
singular. When working over an algebraically closed field
of characteristic 0 (meaning fields that contain a copy of
Q), Hironaka proved in 1964 that one can always find a
sequence of blowing up that results in a smooth variety.
This is called resolution of singularities. Resolution of
singularities over a field of characteristic p (fields that
contain a copy of Fp) is still an open question. Reference 20
gives a nice introduction to resolution of singularities.
More recently, various groups of people have figured out
how to do this algorithmically, and work has been done
on implementing these algorithms, for example, the soft-
ware desing described in Ref. 21. We also note that singu-
larities can be detected numerically using condition
numbers (see Ref. 22).

SHEAVES AND COHOMOLOGY

For an affine variety, modules over its coordinate ring play
an important role. For a projective variety V, the corre-
sponding objects are sheaves of OV-modules, where OV is
the structure sheaf of V. Locally, V looks like an affine
variety, and with a suitable hypothesis called quasi-
coherence, a sheaf ofOV-modules locally looks like amodule
over the coordinate ring of an affine piece of V.
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From sheaves, one is led to the idea of sheaf cohomology,
which (roughly speaking) measures how the local pieces of
the sheaf fit together. Given a sheaf F on V, the sheaf
cohomology groups are denoted H i(V,F). We will see below
that the sheaf cohomology groups are used in the classifica-
tion of projective varieties. For another application of sheaf
cohomology, consider a finite collection V of points inPn(k).
From the sheaf point of view, V is defined by an ideal sheaf
IV. In interpolation theory, one wants to model arbitrary
functions onVusing polynomials of a fixed degree, saym. If
m is too small, this may not be possible, but we always
succeed if m is large enough. A precise description of which
degrees m work is given by sheaf cohomology. The ideal
sheaf IV has a twist denoted IV (m). Then all functions on V
come from polynomials of degree m if and only if
H1ðPnðkÞ; IV ðmÞÞ ¼ f0g. We also note that vanishing theo-
rems for sheaf cohomology have been used in geometric
modeling (see Ref. 23).

References 1, 2, and 24 discuss sheaves and sheaf
cohomology. Sheaf cohomology is part of homological alge-
bra. An introduction to homological algebra, including
sheaves and cohomology, is given in Ref. 5.

SPECIAL VARIETIES

We next discuss some special types of varieties that have
been studied extensively.

1. Elliptic Curves and Abelian Varieties. Beginning
with the middle of the eighteenth century, elliptic
integrals have attracted a lot of attention. The study
of these integrals led to both elliptic functions and
elliptic curves. The latter are often described by an
equation of the form

y2 ¼ ax3 þ bx2 þ cxþ d;

where ax3 þ bx2 þ cxþ d is a cubic polynomial with
distinct roots. However, to get the best properties,
one needs to work in the projective plane, where the
above equation is replaced with the homogeneous
equation

y2z ¼ ax3 þ bx2zþ cxz2 þ dz3:

The resulting projective curve E has an extra struc-
ture: Given two points on E, the line connecting them
intersects E at a third point by Bézout’s Theorem.
This leads to agroup structure onEwhere thepoint at
infinity is the identity element.

Over the field of rational numbersQ, elliptic curves
have a remarkably rich theory. The group structure is
related to theBirch–Swinnerton–Dyer Conjecture, and
Wiles’s proof of Fermat’s LastTheoremwas a corollary
of his solution of a large part of the Taniyama–
Shimura Conjecture for elliptic curves over Q. On
the other hand, elliptic curves over finite fields are
used in cryptography (see Ref. 25). The relation
between elliptic integrals and elliptic curves has
been generalized to Hodge theory, which is described

in Ref. 24. Higher dimensional analogs of elliptic
curves are called abelian varieties.

2. Grassmannians and Schubert Varieties. In Pn(k), we
use homogeneous coordinates [u0, . . . ,un], where
½u0; . . . ;un� ¼ ½v0; . . . ; vn� if both lie on the same line
through the origin in kn+1. Hence points of Pn(k)
correspond to one-dimensional subspaces of kn+1.
More generally, the Grassmannian G(N, m)(k) con-
sists of all m-dimensional subspaces of kn. Thus,
Gðnþ 1; 1ÞðkÞ ¼ PnðkÞ.

Points of G(N, m)(k) have natural coordi-
nates, which we describe for m ¼ 2. Given a two-
dimensional sub-space W of kN, consider a 2 � N
matrix

u1 u2 . . . uN

v1 v2 . . . vN

� �

whose rows give a basis of W. Let pi j; ilt; j, be the
determinant of the 2 � 2 matrix formed by the ith
and jth columns. The M ¼ N

2

� �
numbers pij are the

Plücker coordinates of W. These give a point in
P M1(k) that depends only on W and not on the
chosen basis. Furthermore, the subspace W can be
reconstructed from its Plücker coordinates. The
Plücker coordinates satisfy the Plücker relations

pi j pkl � pik p jl þ pil p jk ¼ 0;

and any set of numbers satisfying these relations
comes from a subspace W. It follows that the Plücker
relations define G(N, 2)(k) as a projective variety in
PM�1(k). In general, G(N, m)(k) is a smooth projec-
tive variety of dimension m(N � m).

The Grassmannian G(N, m)(k) contains interest-
ing varieties calledSchubert varieties. TheSchuberi
calculus describes how these varieties intersect.
Using the Schubert calculus, one can answer ques-
tions such as how many lines in P3(k) intersect four
lines in general position? (The answer is two.) An
introduction to Grassmannians and Schubert var-
eties can be found in Ref. 26.

The question about lines in P3(k) is part of enum-
erative algebraic geometry, which counts the num-
ber of geometrically interesting objects of various
types. Bezout’s Theorem is another result of enu-
merative algebraic geometry. Another famous enu-
merative result states that a smooth cubic surface in
P3(C) contains exactly 27 lines.

3. Rational and Unirational Varieties. An irreducible
varietyV of dimensionn overC is rational if there is a
one-to-one rational parametrization U!V , where U
is aZariski open subset ofCn. The simplest example of
a rational variety isPn(C). Many curves and surfaces
that occur in geometric modeling are rational.

More generally, an irreducible variety of dimen-
sion n is unirational if there is a rational parametri-
zation U!V whose image fills upmost of V, where U
is a Zariski open subset of Cm, m�n. For varieties of
dimension 1 and 2, unirational and rational coincide,
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but in dimensions 3 and greater, they differ. For
example, a smooth cubic hypersurface in P4(C) is
unirational but not rational.

A special type of rational variety is a toric variety.
In algebraic geometry, a torus is (C

	
)n, which is the

Zariski open subset of Cn where all coordinates are
nonzero. A toric variety V is an n-dimensional irre-
ducible variety that contains a copy of (C

	
)n as a

Zariski open subset in a suitably nice manner.
Both Cn and Pn(C) are toric varieties. There are
strong relations between toric varieties and poly-
topes, and toric varieties also have interesting
applications in geometric modeling (see Ref. 27),
algebraic statistics, and computational biology (see
Ref. 28). The latter includes significant applications
of Gröbner bases.

4. Varieties over Finite Fields. A set of equations defin-
ing a projective variety V over Fp also defines V as a
projective variety overFpm for everym� 1.AsPnðFpmÞ
is finite, we let Nm denote the number of points of V
when regarded as lying in PnðFpmÞ. To study the
asymptotic behavior of Nm as m gets large, it is
convenient to assemble the Nm into the zeta function

ZðV ; tÞ ¼ exp
X1
m¼1

Nmtm=m

 !
:

The behavior of Z(V, t) is the subject of some deep
theorems in algebraic geometry, including the
Riemann hypothesis for smooth projective varieties
over finite fields, proved by Deligne in 1974.

Suppose for example that V is a smooth curve.
The genus g of V is defined to be the dimension of
the sheaf cohomology group H1(V, OV). Then the
Riemann hypothesis implies that

jNm � pm�1j � 2 g pm=2:

Zeta functions, the Riemann hypothesis, and other
tools of algebraic geometry such as the Riemann–
Roch Theorem have interesting applications in
algebraic coding theory. See Ref. 29 and the entry
on ALGEBRAIC CODING THEORY. References 18 and 30
discuss aspects of coding theory that involve Gröbner
bases.

CLASSIFICATION QUESTIONS

One of the enduring questions in algebraic geometry
concerns the classification of geometric objects of various
types. Here is a brief list of some classification questions
that have been studied.

1. Curves. For simplicity, we work over C. The main
invariant of smooth projective curve is its genus g,
defined above as the dimension of H1(V, OV). When
the genus is 0, the curve isP1(C), andwhen the genus
is 1, the curve is an elliptic curveE. After a coordinate

change, the affine equation can be written as

y2 ¼ x3 þ axþ b; 4a3 þ 27b2 6¼ 0:

The j-invariant j(E) is defined to be

jðEÞ ¼ 2833a3

4a3 þ 27b2

and two elliptic curves over C are isomorphic as
varieties if and only if they have the same j-invariant.
It follows that isomorphism classes of elliptic curves
correspond to complexnumbers; one says thatC is the
moduli space for elliptic curves. Topologically, all
elliptic curves look like a torus (the surface of a
donut), but algebraically, they are the same if and
only if they have the same j-invariant.

Now consider curves of genus g� 2 over C. Topo-
logically, these look like a surface with g holes, but
algebraically, there is a moduli space of dimension
3g� 3 that records the algebraic structure. These
moduli spaces and their compactifications have
been studied extensively. Curves of genus g� 2
also have strong connections with non-Euclidean
geometry.

2. Surfaces. Smooth projective surfaces over C have a
richer structrure and hence a more complicated clas-
sification. Such a surface S has its canonical
bundlevS, which is a sheaf of OS-modules that
(roughly speaking) locally looks like multiples of
dxdy for local coordinates x, y. Then we get the
associated bundle vm

S , which locally looks like multi-
ples of (dxdy)m. The dimension of the sheaf cohomol-
ogy groupH0(S,vm

S ) grows like apolynomial inm, and
the degree of this polynomial is the Kodaira
dimensionk of S, where the zero polynomial has
degree �1. Using the Kodaira dimension, we get
the following Enriques-Kodaira classification:

k ¼ �1: Rational surfaces and ruled surfaces over
curves of genus > 0.

k ¼ 0: K3 surfaces, abelian surfaces, and Enriques
surfaces.

k ¼ 1: Surfaces mapping to a curve of genus � 2 whose
generic fiber is an elliptic curve.

k ¼ 2: Surfaces of general type.

One can also define the Kodaira dimension for curves,
where the possible values k ¼ �1, 0, 1 correspond to the
classication by genus g ¼ 0, 1 or � 2. One difference in the
surface case is that blowing up causes problems. One needs
to define the minimal model of a surface, which exists in
most cases, and then theminimalmodel gets ‘‘classified’’ by
describing its moduli space. These moduli spaces are well
understood except for surfaces of general type, wheremany
unsolved problems remain.

To say more about how this classification works, we
need some terminology. Two irreducible varieties are
birational if they have Zariski open subsets that are iso-
morphic. Thus, a variety over C is rational if and only if it
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is birational to Pn(C), and two smooth projective surfaces
are birational if and only if they have the same minimal
model. As for moduli, consider the equation

a x40 þ x41 þ x42 þ x43

� �
¼ x0x1x2x3 ¼ 0:

This defines a K3 surface in P3(C) provided a 6¼ 0. As we
vary a, we get different K3 surfaces that can be deformed
into each other. This (very roughly) is what happens in a
moduli space, although a lot of careful work is needed to
make this idea precise.

The Enriques–Kodaira classification is described in
detail in Ref. 31. This book also discuss the closely related
classication of smooth complex surfaces, not necessarily
algebraic.

1. Higher Dimensions. Recall that a three-fold is a vari-
ety of dimension 3. As in the surface case, oneuses the
Kodaira dimension to break up all three-folds into
classes, this time according to k ¼ �1, 0, 1, 2, 3. One
new feature for three-folds is that although minimal
models exist, they may have certain mild singulari-
ties. Hence, the whole theory is more sophisticated
than the surface case. The general strategy of the
minimal model program is explained in Ref. 32.

2. Hilbert Schemes. Another kind of classification ques-
tion concerns varieties that live in a fixed ambient
space. For example, what sorts of surfaces of small
degree exist in P4(C)? There is also the Hartshorne
conjecture, which asserts that a smooth variety V of
dimension n in PN(C), where N < 3

2 n, is a complete
intersection, meaning that V is defined by a system of
exactly N � n equations.

In general, one can classify all varieties inPn(C) of
given degree and dimension. One gets a better clas-
sification by looking at all varietieswith givenHilbert
polynomial. This leads to the concept of a Hilbert
scheme. There aremanyunanswered questions about
Hilbert schemes.

3. Vector Bundles. A vector bundle of rank r on a variety
V is a sheaf that locally looks likea freemodule of rank
r. For example, the tangent planes to a smooth sur-
face form its tangent bundle, which is a vector bundle
of rank 2.

Vector bundles of rank 1 are called line bundles or
invertible sheaves. When V is smooth, line bundles
canbedescribed in termsofdivisors,whichare formal
sums a1D1 þ � � � þ amDm, where ai is an integer and
Di is an irreducible hypersurface. Furthermore, line
bundles are isomorphic if andonly if their correspond-
ing divisors are rationally equivalent. The set of iso-
morphism classes of line bundles on V forms the
Picard group Pic(V).

There has also been a lot of work classifying vector
bundles on Pn(C). For n ¼ 1, a complete answer is
known. For n> 2, one classifies vector bundles E
according to their rank r and their Chern classes
Ci(E). One important problem is understanding
how to compactify the corresponding moduli spaces.

This involves the concepts of stable and semistable
bundles. Vector bundles also have interesting con-
nections with mathematical physics (see Ref. 33).

4. Algebraic Cycles. Given an irreducible variety V of
dimension n, a variety W contained in V is called a
subvariety. Divisors on V are integer combinations of
irreducible subvarieties of dimension n� 1. More
generally, an m-cycle on V is an integer combination
of irreducible subvarieties of dimensionm. Cycles are
studied using various equivalence relations, includ-
ing rational equivalence, algebraic equivalence,
numerical equivalence, and homological equivalence.
TheHodge Conjecture concerns the behavior of cycles
under homological equivalence, whereas the Chow
groups are constructed using rational equivalence.

Algebraic cycles are linked to other topics in
algebraic geometry, including motives, intersection
theory, and variations of Hodge structure. An intro-
duction to some of these ideas can be found in Ref. 34.

REAL ALGEBRAIC GEOMETRY

In algebraic geometry, the theoryusuallyworks best overC
or other algebraically closed fields. Yet many applications
of algebraic geometry dealwith real solutions of polynomial
equations. We will explore several aspects of this question.

When dealing with equations with finitely many solu-
tions, there are powerful methods for estimating the num-
ber of solutions, including a multivariable version of
Bézout’s Theorem and the more general BKK bound,
both of which deal with complex solutions. But these
bounds can differ greatly from the number of real solutions.
An example from Ref. 35 is the system

axyzm þ bxþ cyþ d ¼ 0
a0xyzm þ b0xþ c0yþ d0 ¼ 0
a00xyzm þ b00xþ c00yþ d00 ¼ 0

wherem is a positive integer anda, b, . . . , c00,d00 are random
real coefficients. The BKK bound tells us that there are
m complex solutions, and yet there are at most two real
solutions.

Questions about the number of real solutions go back to
Descartes’ Rule of Signs for the maximum number of posi-
tive and negative roots of a real univariate polynomial.
There is also Sturm’s Theorem, which gives the number of
real roots in an interval. These results now have multi-
variable generalizations. Precise statements can be found
in Refs. 18 and 30.

Real solutions also play an important role in enumera-
tive algebraic geometry. For example, a smooth cubic
surface S defined over R has 27 lines when we regard
S as lying in P3(C). But how many of these lines are
real? In other words, how many lines lie on S when it is
regarded as lying in P3(R)? (The answer is 27, 15, 7, or 3,
depending on the equation of the surface.) This and other
examples from real enumerative geometry are discussed
in Ref. 35.
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Over the real numbers, one can define geometric
objects using inequalities as well as equalities. For exam-
ple, a solid sphere of radius 1 is defined by x2 þ y2 þ z2� 1.
In general, a finite collection of polynomial equations and
inequalities define what is known as a semialgebraic
variety. Inequalities arise naturally when one does quan-
tifier elimination. For example, given real numbers a
and b, the question

Does there exist x in R with x2 þ bxþ c ¼ 0?

is equivalent to the inequality

b2 � 4c� 0

by the quadratic formula. The theory of real quantifier
elimination is due to Tarksi, although the first practical
algorithmic version is Collin’s cylindrical algebraic
decomposition. A brief discussion of these issues appears
in Ref. 30. Semialgebraic varieties arise naturally in
robotics and motion planning, because obstructions like
floors and walls are defined by inequalities (see ROBOTICS).

SCHEMES

An affine variety V is the geometric object corresponding to
the algebraic object given by its coordinate ring k[V]. More
generally, given any commutative ring R, Grothendieck
defined theaffine schemeSpec (R) to be the geometric object
corresponding to R. The points of Spec(R) correspond to
prime ideals of R, and Spec(R) also has a structure sheaf
Ospec(R) that generalizes the sheaves OV mentioned earlier.

As an example, consider the coordinate ring C[V] of an
affine variety V in Cn. We saw earlier that the points of V
correspond to maximal ideals of C[V]. As maximal ideals
are prime, it follows that Spec(C[V]) contains a copy of V.
The remaining points of Spec(C[V]) correspond to the other
irreducible varieties lying inV. In fact, knowing Spec(C[V])
is equivalent to knowing V in a sense that can be made
precise.

Affine schemes have good properties with regard to
maps between rings, and they can be patched together to
getmore general objects called schemes. For example, every
projective variety has a natural scheme structure. Oneway
to see the power of schemes is to consider the intersection of
the curves in C2 defined by f ¼ 0 and g ¼ 0, as in our
discussion of Bezout’s Theorem. As varieties, this intersec-
tion consists of just points, but if we consider the intersec-
tion as a scheme, then it has the additional structure
consisting of the ring Op/hf, gi at every intersection point
p. So the scheme–theoretic intersection knows the multi-
plicities. SeeRef. 36 for an introduction to schemes. Scheme
theory is also discussed in Refs. 1 and 2.
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